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of  a  solid  rocket  grain  subjected  to  a  simulated  internal 
pressure  when  viewed  in  a  white  light  polariscope. 


FOREWORD 


Over  the  last  several  years,  the  solid  propellant  rocket  has  received  in¬ 
creasing  attention,  based  primarily  upon  its  generally  increased  reliability  and 
state  of  readiness,  although  not  to  the  exclusion  of  alternate  propulsion  means  such 
as  the  liquid  propellant  rocket.  During  the  design  of  the  solid  rocket  motor  system 
certain  structural  problems  immediately  arise,  with  two  of  the  more  common  ones 
being  high  temperature  nozzle  design  and  the  fabrication  of  ultra-high  strength 
_  metal  cases  to  contain  the  burning  motor.  As  an  outgrowth  of  a  meeting  in  1958  of 
the  Physical  Properties  Panel,  which  is  a  technical  group  sponsored  by  the  joint 
services  through  the  Solid  Propellant  Information  Agency  at  the  Applied  Physics 
Laboratory  of  the  Johns  Hopkins  University,  it  appeared  advieable  to  direct  in¬ 
creased  attention  toward  another  class  of  problems;  namely,  evaluating  the  structural 
integrity  of  the  rocket  grain  or  viscoelastic  solid  fuel  itself.  The  physical  and  tech¬ 
nical  behavior  of  the  fuel,  in  contrast  to  most  solids  in  engineering  use,  is  signifi¬ 
cantly  affected  by  relatively  small  changes  in  temperature  and  characteristic  time 
-  scale  under  consideration.  For  this  reason,  less  commonly  employed  structural 
analysis  methods  must  be  used  in  order  to  assess  quantitatively  the  behavior  of  the 
grain  under  pressure,  temperature,  and  environmental  loadings. 

During  the  aforementioned  meeting.  Dr.  F.  J.  Lavacot  expressed  the  hope 
that  it  would  be  possible  to  collect  certain  interdisciplinary  information,  cutting 
across  the  fields  of  chemistry,  internal  ballistics  and  structural  design  which  would 
permit  the  design  engineer  to  make  more  accurate  assessments  of  rocket  performance. 
This  suggestion  led,  among  other  things,  to  establishing  a  project  late  that  year  at 
the  Guggenheim  Aeronautical  Laboratory  of  the  California  Institute  of  Technology 
(GALC1T)  in  support  of  certain  work  of  the  Thiokol  Chemical  Corporation,  Redstone 
Division.  The  results  of  various  phases  of  this  program  have  been  subsequently 
reported  in  six  quarterly  progress  reports  through  June  I960.  This  final  report  is 
not  necessarily  a  compendium  of  these  previous  reports^'  *  ”  although  it 

leans  heavily  upon  them,  but  is  rather  an  attempt  describe  cvo.prehensively  the 
type  of  structural  complications  introduced  by  a  viscoelastic  material  and  provide 
certain  background  information  to  assist  the  analyst  in  evaluating  the  structural 
integrity  of  a  solid  propellant  rocket  grain. 


From  the  engineering  standpoint,  the  problem  areas  have  been  separated 
into  three  categories:  (i)  characterization  of  material  properties;  (ii)  analysis 
procedures;  and  (iii)  failure  criteria.  As  is  true  with  the  conventional  engineering 
materials,  these  areas  are  intimately  related,  but  with  the  underlying  new  feature 
being  the  viscoelastic  character  of  the  solid  fuel  itself.  Emphasis  has  been  placed 
primarily  upon  engineering  application  as  an  end  aim,  and  for  this  reason  many 
interesting  scientific  excursions  have  been  deliberately  by-passed. 

It  is  a  pleasure  to  acknowledge  the  cooperation  of  the  Thiokol  Chemical 
Corporation,  and  especially  Or.  W.  F-  Arendale,  during  the  course  of  this  study. 
The  authors  also  wish  to  thank  innumerable  members  of  the  solid  rocket  industry 
at  large  and  in  particular  the  Physical  Properties  Panel  for  the  many  discussions 
relating  to  the  interplay  of  chemical  and  structural  factors.  Within  GALC1T,  many 
members  of  staff  and  graduate  students  have  contributed  to  the  subject  matter  of 
this  project,  and  the  secretarial  assistance  of  Mrs.  Beth  Berry  has  been  invaluable 
in  the  editing  and  preparation  of  the  progress  and  final  reports.  We  also  wish  to 
acknowledge  our  appreciation  of  the  technical  contributions  of  W.  C.  Knauss  and 
1..  D.  Stimpson. 
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1.  INTRODUCTION 


1. 1  Biitc  Assumptions 

In  preparing  to  analyse  a  solid  propellant  rocket  grain,  it  is  necessary  *:* 
well  as  expedient  to  establish  the  assumptions  under  which  the  analysis  will  be 
conducted.  Notwithstanding  certain  glaring  deficiencies  which  will  be  discussed 
later,  particularly  in  connection  with  failure  theory,  it  is  proposed  to  consider 
the  medium  as  isotropic,  homogeneous,  and  continuous.  The  practical  objections 
to  these  assumptions  are  based  upon  the  fact  that  the  viscoelastic  elastomer,  which 
consists  of  the  order  of  20  percent  by  volume,  is  merely  a  binder  in  which  are 
imbedded  various  considerably  harder  particles.  Thus  basically  one  does  not  have 
a  homogeneous,  nor  perhaps  an  isotropic,  medium.  One  must  perforce  only  assume 
that  there  does  exist,  on  the  average  macroscale,  an  equivalent  medium  of  this  type. 
•  For  many  analyses  this  approximation  will  be  satisfactory,  certainly  at  the  present 
stage,  although  the  assumption  can  be  seriously  in  error  in  fracture  or  tearing 
where  the  origin  of  failure  begins  on  the  microscale.  Next,  the  assumption  of 
continuity  is  not  always  fulfilled  because  it  implies  that  there  is  always  a  bond 
between  the  various  solid  filler  elements  and  the  elastomeric  binder.  Actually  tha 
pullaway  effect  is  well  established,  wherein  excessive  tensile  stress  will  cause  the 
filler-binder  adhesion  to  part.  On  the  other  hand  the  bond  will  still  exist  between 
those  surfaces  in  compression,  which  therefore  leads  to  (non-continuum)  load 
induced  isotropy.  Nevertheless,  in  order  to  conduct  present  analyses  it  is  custom¬ 
ary,  and  at  least  temporarily  appropriate,  to  assume  an  isotropic,  homogeneous 
continuum. 

The  second  assumption  is  that  the  strains  v.'ill  be  sufficiently  small  that 
infinitesimal  deformations  can  be  assumed.  Actually  for  the  loads  and  geometries 
used  in  present  motors,  strains  of  30  percent  are  frequently  computed  from  infini¬ 
tesimal  theory,  which  certainly  pushes  the  limit  of  validity  for  this  assumption. 

On  the  other  hand,  finite  strain  analysis,  even  without  viscoelastic  effects,  is  far 
from  simple.  Considering  the  widespread  knowledge  of  infinitesimal  deformation 
theory  and  its  relative  ease  of  application,  it  is- considered  appropriate,  pending 
some  later  qualifications,  to  begin  at  this  point. 

•  ■  As  a  third  assumption,  it  is  appropriate  to  neglect  inertia  forces.due  to 

straining,  during  ordinary  viscoelastic  deformations.  They  are  usually  highly 
damped  and  exponentially  decaying,  although  in  certain  cases,  such  as  possible 
stress  wave  propagation  through  the  grain  due  to  burning  phenomena,  this  particular 
assumption  might  have  to  be  reevaluated. 
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The  final  assumption,  which  is  chosen  for  analytical  simplicity,  relates  to 
the  geometries  chosen  for  investigation.  This  one  is  not  in  principle  as  restrictive, 
depending  primarily  upon  the  time  the  analyst  can  afford  to  devote  to  analysis  which 
already  incorporates  certain  simplifying  assumptions.  Thus  one  i6  not  surprised 
to  find  the  majority  of  examples  confined  to  thick-walled  right  circular  cylinders 
or  spheres.  On  the  other  hand  such  a  n  approach  is  not  unreasonable;  it  follows  the 
engineer's  usual  approach  of  developing  his  intuition  by  a  careful  study  of  idealized 
situations  which  then  permit  him  to  make  judicious  and  considered  extrapolation  to 
situations  where  analysis  is  hopeless  or  uneconomical. 

In  summary  then,  the  assumptions  currently  to  be  considered  are: 

1.  the  viscoelastic  medium  is  isotropic,  homogeneous,  and 
continuous; 

2.  deformations  are  sufficiently  small  to  be  considered 
infinitesimal; 

?.  inertia  forces,  due  to  straining,  are  neglected;  and 

4.  idealized  geometries  are  considered  for  which  analytical 
solutions  may  be  obtained. 


(1.22) 


Stress-strain  relations; 
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The  preceding  equations  are  seen  to  form  a  set  of  15  equations  in  15 
unknowns,  where  it  is  important  to  recognize  that  only  the  lant  set  --those  con¬ 
necting  stress  and  sirain--contains  or  are  influenced  by  the  material  properties 
Young’s  modulus,  E,  and  Poisson’s  ratio,  tf  .  These  equations  may  be  formally 
simplified  to  give  three  equations  in  the  displacements. 


a 
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by  solving  (1.2.  3)  to  give  the  stresses  in  terms  of  strains  and  inserting  the  results 
into  (1. 2.  1)  which  become  strain  equations  of  equilibrium.  Then  (1.  2.  2)  is 
substituted  to  give  the  three  displacement  equations.  Alternately  the  equations  can 
be  formulated  solely  in  terms  of  stress  by  inserting  (1. 2.  3)  into  (1.  2.  2)  to  give 
stresses  in  terms  of  displacements;  by  carring  out  various  cross  derivatives,  the 
displacements  can  be  eliminated  to  give  the  equations  of  compatibility,  vis 


o-vv*,rr,+  4^3r~o 

0-M0v*crr -|~=o  , 

ch-*ov*t„,+  -f2jr=  o 

(12.5) 

.  0^)V*f3F,+  ^  =  0  , 

O+vlv’r.,-  -f^~o 

where  v*»_g_+|L  +  g_. 

and  0*  0'«+0'y^0'a 

The  choice  of 

which  system  of  equations  to  be  used  depends  usually  upon  whether  the  boundary 
conditions  are  given  in  terms  of  displacements  or  stresses.  (Corresponding 
equations  can  also  be  given  for  cylindrical  coordinates,  see  Section  3.  3.  2). 

As  a  matter  of  philosophy,  the  analyst  mu6t  usually  inquire  as  to  whether 
he  is  mainly  interested  in  stress  (strain)  or  displacement,  and  in  order  that  he  be 
able  to  solve  the  appropriate  equations,  he  needs  only  to  (1)  run  laboratory  tests 
to  determine  the  material  properties  E  and  1>  ,  (2)  solve  the  governing  field 
equations  for  determining  the  stress  everywhere  as  a  function  of  applied  load>>and 
thus  its  maximum  value,  and  (3)  using  an  appropriate  failure  criterion,  e. g. , 
maximum  stress,  deduce  the  applied  load  at  which  this  maximum  stress  is  reached. 

The  purpose  of  the  following  sections  is  to  illustrate  how  the  equivalent  steps 
are  carried  out  when  the  material  is  viscoelastic. 
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2.  MATERIAL  CHARACTERIZATION 


In  order  to  predict  the  response  of  viscoelastic  materials  to  applied  stress* 
it  is  necessary  to  know  the  elastic  and  viscous  parameters  of  the  material  as  a 
function  of  time,  rate,  and  temperature.  In  principle  these  parameters  may  all  he 
combined  into  a  generalized  stress-strain  law  such  that  the  strain  (stress)  maybe 
calculated  or  deduced  for  an  applied  stress  (strain)  as  a  function  of  these  parameters. 
When  it  is  justified  to  assume  this  behavior  is  of  linear  form,  based  upon  experi¬ 
mental  evidence,  one  can  view  this  association  between  stress  and  strain  as  a 
transfer  function  having  the  property  that  when  it  is  multiplied  by  a  linear  functional 
of  strain  (stress),  it  generates  the  associated  linear  functional  of  stress  (strain). 

We  proceed  to  consider  first  the  more  familiar  behavior  of  metals. 

2. 1  Operational  Concept  for  Stress-Strain  Relations 

When  a  uniaxial  steel  tensile  specimen  at  a  moderate  temperature  is 
stretched,  it  is  observed  that  the  instantaneous  strain  is  very  nearly  proportional 
to  the  applied  stress  up  to  the  yield  point;  and  that  if  the  bar  is  unloaded  the  same 
law  is  followed.  Consequently,  we  say  the  material  obeys  Kookels  law  in  tension 
up  to  the  yield  point  and  write 

(2.1.1) 

in  which  CT  and  €  are  based  on  the  original  specimen  dimensions  as  in  the  usual 
engineering  sense.  The  proportionality  constant,  E,  which  represents  the  slope 
of  the  stress-strain  curve,  is  called  Young's  modulus  or  the  tensile  modulus*. 

This  law  can  also  be  written  in  the  inverse  form 

Dcr=e  (2.1.2) 

The  proportionality  constant  D  is  then  commonly  referred  to  as  the  tensile 
compliance.  It  has  been  found  experimentally  mat  the  above  law  holds  for  many 
materials,  particularly  metals,  as  long  as  the  strains  are  small. 


*  Poisson's  ratio,  V  ,  the  ratio  of  transverse  to  longitudinal  strain,  is  customarily 
measured  by  resistance  strain  gages. 
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It  ii  evident  that  if  a  material  which  obeys  Ilooke's  law  is  held  at  a  constant 
strain,  the  stress  also  remains  unchanged  with  time.  However,  when  a  visco¬ 
elastic  tensile  specimen  at  room  temperature  is  stretched  and  held  at  a  constant 
strain  €.  (stress  relaxation  test),  the  stress  0{t)  necessary  to  maintain  this 
elongation  decays  with  time.  In  other  words,  the  tensile  relaxation  mcdulus, 

E(t)  a  Cf(t)/e  »  decreases.  This  situation  is  illustrated  in  Figure  2.  la; 
behavior  at  constant  stress  is  shown  in  Figure  2.  lb. 

In  addition  to  strong  time  dependence,  the  mechanical  properties  are  greatly 
affected  by  temperature.  Below  a  temperature,  T^,  defined  as  the  glass  transition 
temperature,  the  propellant  is  glassy  and  behaves  as  a  brittle  body  obeying  Hooke's 
law.  Above  this  temperature,  however,  the  response  is  time  dependent  and  varys 
considerably  with  temperature.  This  behavior  leads  one  to  formulate  a  general 
functional  relationship  between  tensile  stress  and  strain  which  includes  both  time 
and  temperature  dependence  for  temperatures  greater  than  T  .  However,  it  has 
been  found  for  many  polymers,  particularly  plastics  and  rubbers,  that  these  two 
variables  can  be  considered  separately  if  the  temperature  range  is  not  too  great. 
For  example,  if  certain  material  constants  are  known  at  one  temperature,  it  is 
possible  to  predict  behavior  at  another  temperature  by  simply  shifting  the  time 
scale.  Since  composite  propellants  are  filled  rubbers  or  filled  plastics  and  double¬ 
base  propellants  are  plastics,  it  is  expected  that  the  same  rule  should  hold.  On 
this  basis  therefore,  only  the  time  dependent  behavior  at  a  fixed  temperature  will 
be  discussed,  but  will  be  followed  in  later  sections  by  an  explanation  of  the  method 
used  to  change  to  a  different  temperature. 

Expanding  now  the  simple  stress- strain  relation  given  by  (2.  1.  1)  for  a 
simple  elastic  behavior  to  a  more  general  time  dependent  behavior  one  can  write 


(2.1.3) 


where  Oj  and  represent  algebraic  and  differential  operations  on  01 1)  and  €T(t). 
For  example,  when  Hooke's  law  (2.  1.1)  applies,  the  operators  are  the  simple 
constants  Ojil  and  «  E.  It  is  important  to  note,  however,  that  these  operators 
are  not  always  linear.  Indeed  for  large  deformations  of  some  metals,  a  more 
realistic  elastic  is  for  example 

CT  =  B  Cl-  2*/€)  fin  (M-e)  (2.1.4) 

where  if  is  Poisson's  ratio.  In  this  instance  O ^  is  a  non-linear  algebraic  operator. 
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A  simple  time  dependent  extension  of  Hooke's  law  is  to  consider  stress 
proportional  to  both  strain  and  strain  rate.  For  this  case,  (2. 1.  3)  becomes 

Git)  ~  ev€(i)  (2.  l .  5) 

in  which  Ey  and  rjv  are  proportionality  constants.  An  important  implied  property 
of  the  differential  operator  is  that  it  is  linear  and  therefore  obeys  many  of  ths 
ordinary  rules  of  algebra,  such  as  association,  commutation,  and  superposition. 
This  allows  us  to  write 

(2.1.6) 

and  hence  identify 

0,=  1  5  °a=T*at  +  Ev  (2.1.7) 


/ 

If  we  now  consider  a  creep  test  in  which  a  constant  uniaxial  stress,  (f0»  . 
is  applied  to  a  material  following  (2.  1.  5),  the  resulting  axial  strain  can  be 
calculated  simply  by  integration.  Assuming  the  specimen  to-be  unstressed  and 
unstrained  at  time  t  a  0,  we  obtain 

(2.1.8) 


where  it  is  convenient  to  define  a  retardation  time,  Tv»  such  that 


(2.  1.9) 


the  creep  compliance  D(t)  is  therefore 

•  DCt)  s  — £"'(!-«  *•) 
*  -i- 

*  Dv(i-e  *•) 


(2.  1.10) 


A  schematic  plot  of  D(t)  is  shown  in  Figure  2.2.  It  is  seen  that  D(t),  given  by 
equation  (2.  1.  10),  is  qualitatively  similar  to  the  creep  compliance  shown  in 
Figure  2. 1  for  an  actual  propellant. 

Following  the 'general  evaluation  technique  as  applied  in  this  example,  we 
see  that:  (a)  the  material  was  characterised  by  (2.  1.  5);  (b)  the  stress  analysis 
was  made,  in  this  uniaxial  case  ffm  P/A,  or  load  divided  by  initial  area;  and 
(c)  a  failure  criteria  must  next  be  applied.  If  for  example,  fracture  occurs  when  a 
critical  rupture  strain  is  reached,  the  time  to  failure  for  an  applied  stress 
C Te  is  easily  computed  from  (2.  1. 10)  as 


(2.1.11) 


and  the  analysis  is  completed. 

Unfortunately  however,  the  stress  analysis  is  usually  not  this  simple,  nor 
is  it  possible  to  describe  accurately  the  complete  stress  and  displacement  behavior 
of  propellant  by  such  a  simple  relation;  it  is  therefore  necessary  to  go  to  more 
complicated  operators.  It  turns  out  that  if  the  degree  of  complication  is  such  that 
the  actual  stress-strain  response  (2. 1.  3)  can  be  adequately  described  by  more 
general  linear  operators  of  the  form  (2. 1.6),  the  mathematics  involved  in  solving 
stress  problems  is  greatly  simplified.  This  important  fact  therefore  provides  the 
impetus  for  investigating  possible  representations  of  the  mechanical  behavior  by 
linear  operators  and  their  associated  mechanical  models. 


2.2  Linear  Viscoelastic  Representation 

We  now  define  a  special  generalization  of  (2. 1.  3)  such  that  Oj  and  O2  are 
taken  to  be  linear  differential  operators.  In  the  literature  such  a  stress-strain 
law  is  called  a  linear  viscoelastic  representation*,  and  for  a  simple  tensile  test 
is  written 


2.1) 


or  more  compactly 

[  P“  )  <Kt)  -  [Q T ]  €  It)  (2.  2.  2) 

where  P"  and  Q"  stand  for  the  bracketed  operators  O,  and  O,  respectively. 

i  i  ic 

d  /dt  is  a  linear  operator  that  represents  the  ith  derivative  with  respect  to  time, 

and  p.  and  q.  are  experimental  material  constants  which  are  obtained  by  methods 

to  be  discussed  subsequently. 


*  If  a  time  dependent  stress  produces  an  associated  time  dependent  strain,  then 
if  doubling  the  magnitude  of  the  stress  holding  the  mode  shape  of  the  time  variation 
the  same  also  doubles  the  strain  magnitude  without  changing  the  shape  of  its  time 
dependence,  the  material  is  said  to  be  linearly  viscoelastic. 
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The  relation  (2.2. 1)  has  been  verified  experimentally  for  small  strains 
over  a  wide  temperature  range  for  many  unfilled  polymers.  Even  though  composite 
propellants  are  essentially  highly  filled  polymers,  it  is  nevertheless  expected  that 
they  would  exhibit  more  or  less  of  a  linear  viscoelastic  behavior  depending  upon  the 
specific  composition. 

Before  discussing  various  specializations  of  (2.  2. 1),  it  should  be  remarked 
that  the  same  form  of  a  stress-strain  law  is  found  to  hold  for  hydrostatic  pressure 
and  volume  change,  and  for  shear  stress  and  shear  strain  in  a  simple  shear  test. 
Thus,  the  response  of  an  element  subjected  to  hydrostatic  pressurization  is 
represented  by 

(2.2.3) 

where  V(t)/V0  is  the  volume  change  per  unit  undeformed  volume  due  to  the 
hydrostatic  pressure  Cr^(t).  Similarly,  write 

[P]t(t)  *  [Gt]r(T)  (2.2.4) 

in  which  T(t)  is  a  shear  stress  and  f  (t)  the  corresponding  shear  strain. 

P,  Q,  P’,  Q'  are  of  the  general  form  of  P"  and  Q"  shown  in  (2.  2.  1),  but,  of  course, 
with  different  experimental  material  constants.  Equations  (2.  2.2),  (2.  2.  3),  and 
(2.  2.4)  are  analogous  to  the  elastic  stress-strain  laws,  since  for  an  elastic  body 
undergoing  small  deformations  we  can  write 

simple  uniaxial  tension:  0r  =  ge  ;  (E  «  Young’s  modulus) 

hydrostatic  pressurization:  C,  =  K  j  (K  »  bulk  modulus)  (2.2.5) 

V, 

shear:  T—.«T  j  [A*  shear  modulus) 


Similarly  for  a  linear  viscoelastic  material  we  have 
simple  uniaxial  tension:  ^  €tt) 

hydrostatic  pressurization: 


P'  V. 

shear:  Tit)—  -^-Y(T) 

where  the  association  of  E  with  Q"/P",  etc.,  is  obvious*. 


(2.  2.  6) 


*  This  operational  notation,  e.  g.  Q'7  P",  is  purely  formal  and  represents  an 
implied  form  of  integration.  Its  actual  significance  will  be  explained  in  the 
subsequent  section  on  models. 


It  may  be  remarked  that  a  purely  mathematical  approach  to  linear  theory 
does  not  restrict  the  form  of  the  P,  Q  operators.  However,  B;ot^‘  ^  has  used 
irreversible  thermodynamics  to  show  that  the  coefficients  are  restricted  in  such  a 
way  that  the  ratios  Q"/P",  Q'/P*,  and  Q/P  must  be  identical  with  the  transfer 
functions  for  mechanical  models  consisting  of  springs  and  dashpots.  Since  the 
operator  ratios  in  (2.  2.  6)  are  restricted  to  be  of  a  definite  form,  it  is  often 
convenient  to  retain  this  form  rather  than  multiplying  all  terms  out  and  separating 
P  and  Q.  Therefore,  defining  p *  d/dt,  we  shall  generally  write  E(p)»  K(p)  and 
M  (p)  in  place  of  Q"/F",  Q'/P',  Q/ P  and  thus  maintain  this  analogy  between  the 
viscoelastic  and  elastic  problems  in  our  notation. 

When  it  comes  to  actually  computing  the  stresses  and  displacements  in  a 
linear  viscoelastic  body,  use  will  be  made  of  this  analogy  by  working  out  an 
associated  elastic  solution  in  terms  of  the  associated  operator  form  of  the  material 
representation.  For  the  present,  however,  we  shall  continue  with  a  discussion  of 
the  material  characterization. 

It  can  be  shown  that  when  a  three  dimensional  elastic  body  is  isotropic  and 
homogeneous  there  can  exist  no  more  than  two  independent  elastic  constants^* 

In  their  natural  form,  they  are  the  bulk  modulus,  K,  governing  the  stress-strain 
proportionality  for  (hydrostatic)  dilatation  acting  alone,  and  the  shear  modulus, 

M  •  governing  distortion  alone.  Similarly,  as  a  result  of  geometric  symmetry, 
only  two  independent  operator  relations  can  exist  for  an  isotropic,  homogeneous, 
linear  viscoelastic  material.  Specifically  we  have  from  (2.  2.  5)  and  (2.  2.  6)  the 
analogy 

X  X  tP)  (2.2-7) 

K-*.  KCP)  (2.2.8) 

Engineering  analysts  frequently  find  it  convenient  to  solve  elastic  problems  in  terms 
of  Young’s  modulus  and  Poisson's  ratio  which  are  related  to  K  andju  ,  and  the 
viscoelastic  associations  by 


9M  K 
3K+-M 


9X(P)KCP>  _  B  . 
3KIP)+X(P) 


(2.  2.9) 


_  3  K-2M  ^  3KtP)-2X(P) 

V~  6K+2>h  €>K(pV«-2X(p)  (2.2.10) 

The  choice  of  the  various  alternate  forms  depend  upon  which  operators  are  known 
from  experiments.  We  turn  now  to  specific  representations  of  viscoelastic  media 
and  their  associated  operator  equations. 


2.3  Model  Representation 


As  previously  mentioned,  Biot^'  ^  hac  shown  that  the  operator  equations 
(2.2.6)*  which  define  the  stress-strain  behavior  of  a  linear  viscoelastic  material* 
can  be  represented  diagrammatically  by  mechanical  models  that  exhibit  the  same 
macroscopic  behavior^'  It  is  important  to  emphasise  that  these  models  will 
give  a  description  only  of  the  phenomenological  behavior  of  a  material*  and  usually 
tell  nothing  of  the  complex  molecular  processing  causing  this  behavior.  However* 
they  are  useful  for  illustrating  the  physical  significance  of  an  operator  equation  and 
are  a  convenient  means  for  constructing  an  operator  in  order  to  approximate 
observed  viscoelastic  behavior. 

2.  3. 1  Finite  element  models 

The  simplest  models  are  those  which  can  be  constructed  by  arranging  a  few 
spring  and  dashpot  elements  in  different  ways  to  generate  various  characteristic 
responses. 

Hook’ean  model.  -  The  simplest  model  representation  of  an  elastic  body  has 
already  been  mentioned.  This  Hookean  model  consisting  of  a  spring  is  shown  in  * 
Figure  2.  3.  If  we  denote  the  spring  constant  by  i.  modulus,  m,  the  applied  force 
by  stress,  ff  ,  and  the  extension  by  strain,  €  ,  we  h^ve  a  model,  following  (2.2.  6) 
which  can  be  used  to  represent  either  tension,  shear,  or  bulk  behavior. 

Newtonian  model.  -  Another  simple  model  may  be  used  when  the  stress  is  a 
function  only  of  strain  rate,  as  in  a  fluid.  Here  the  constant  of  proportionality  is 
represented  by  the  viscosity,  q  ,  of  a  dashpot  as  shown  in  Figure  2.  4.  It  is 
characteristic  of  this  model  that  with  a  constant  stress  the  strain  is  unbounded  with 
time,  i.e.  unlimited  flow. 

Now  since  the  response  in  shear,  tension,  and  bulk  is  assumed  to  be  linearly 
viscoelastic,  the  stress.  O',  and  strain,  €  *  used  with  the  models  will,  for  con¬ 
venience,  be  usually  assumed  to  represent  any  one  of  these  three  types  of  loading*. 

*  When  applying  the  operator  expressions  relating  ff  and  €  to  experimental  data  or 
to  the  solving  of  a  stress  problem,  different  symbols  should  be  used  for  tension* 
bulk  and  shear.  We  shall  use  the  symbols  proposed  by  the  Committee  on  Nomen¬ 
clature  of  the  Society  of  Rheology  (H.  Leaderman,  Trans.  Soc.  Rheology*  I*  213* 
1957)  in  this  report  (with  the  exception  of  the  shear  modulus),  which  is  given  in  the 
following  table: 


Type  of 


•  i  ' — 

Deformation 

Modulus  (■  cr/e ) 

Compliance  («  ®/ cf  | 

unspecified 

m 

k 

simple  tension 

E 

D 

bulk 

K 

B 

shear 

M 

3 
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However,  there  is  an  exception  which  must  be  noCed  for  certain  models,  depending 
upon  the  loading  condition.  Specifically,  when  a  i  iple  shear  stress  is  applied  to 
an  uncross-linked  polymer  element,  its  deformation  increases  indefinitely.  However 
if  this  same  polymer  is  subjected  to  a  hydrostatic  pressure  the  volume  cannot 
decrease  in  an  unlimited  manner,  but  must  approach  an  equilibrium  value.  Conse¬ 
quently,  a  model  that  evinces  unlimited  flow  behavior  cannot  be  used  to  define  an 
operator  equation  relating  hydrostatic  pressure  (stress)  and  relative  volume  change 
(strain).  In  contrast,  a  cross-linked  polymer  specimen  subjected  to  a  shear  stress 
will  always  reach  an  equilibrium  deformation.  We  therefore  have  the  rule  that  in 
describing  tension,  bulk,  and  shear  response  for  a  cross-linked  polymer,  or  bulk 
-response  for  an  uncross-linked  polymer,  a  model  should  be  used  that  does  not 
exhibit  unlimited  flow  under  stress. 

Voigt  model.  -  Turning  now  to  the  first  of  the  combined  element  models, 
consider  a  spring  and  a  dashpot  arranged  in  parallel  as  shown  in  Figure  2.  S.  In 
order  to  derive  the  appropriate  operator  equation  for  the  model,  write  an  equation 
of  stress  equilibrium  in  which  the  applied  stress  is  balanced  by  the  internal  stresses 
on  the  elements,  as  shown  in  Figure  2.  5a,  and  then  relate  the  overall  strain  (or 
extension)  €  of  the  element  to  the  internal  strains.  For  the  Voigt  model,  this 
step  is  trivial  since  the  overall  strain  is  the  same  as  in  the  dashpot  and  spring. 

It  is  seen  that  equation  (2.  1.5),  discussed  previously,  is  represented  by  this  model. 

The  behavior  in  standard  tests  is  shown  in  Figures  2.  5b  and  2.5c.  In  a 
creep  test,  the  equation  for  strain  is  found  by  integrating  the  operator  equation  in 
which  the  applied  stress  is  constant.  The  initial  condition  needed  to  determine  the 
constant  of  integration  is  €i0  when  t  ■  0.  It  should  be  noted  that  there  is  no 
instantaneous  strain,  whereas  an  actual  propellant  does  deform  immediately 
(neglecting  inertia  effects).  The  recovery  equation  of  strain  is  obtained  by  inte¬ 
grating  the  operator  equation  with  the  stress  set  equal  to  zero,  and  the  initial 
condition  €  e  €  when  t  e  tj.  The  curve  shows  that  the  model  completely  recovers 
to  its  original  length  as  t  —  oo. 

The  reason  for  defining  previously  the  ratio  Tf  y/mv  a*  retardation  time 
Xv,  as  in  (2.  1.9),  is  seen  by  the  creep  behavior.  Here,  Tv  represents  a  quantity 
with  the  dimensions  of  time  and  has  the  effect  of  shifting  the  time  scale  in  regards 
to  the  delayed  action  of  the  material.  More  specifically,  it  is  the  time  needed  for 
the  instantaneous  unattained  compliance  (De  -D)  to  be  reduced  to  (1/e)  of  the  total 
unattained  compliance  De  .  For  example,  when  Tv  i*  large,  the  strain  is  retarded 
so  that  it  increases  slowly;  whereas  if  Ty  is  small,  the  curve  shifts  to  the  left  and 
the  equilibrium  strain  is  approached  quite  rapidly  with  very  little  retardation. 
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Wh«n  this  model  is  held  at  a  constant  strain,  as  in-a  stress  relaxation  test, 
the  stress  remains  constant  since  no  flow  occurs  in  the  dashpot.  Thus,  the  Voigt 
model  does  not  exhibit  stress  relaxation,  while  a  propellant  does.  With  a  constant 
strain  rate.  Figure  2.  5c,  the  stress  immediately  jumps  to  a  finite  value  and  then 
increases  linearly.  This  behavior  also  is  not  representative  of  a  propellant  since 
the  stress  in  a  real  material  increases  continuously  from  zero  at  a  decreasing  rate. 

Maxwell  model.  -  The  other  possible  two  element  arrangement  consists  of 
arranging  the  spring  and  dashpot  in  series.  The  operator  equation  is  obtained  by 
noting  that  the  stress  in  the  dashpot  is  the  same  as  that  in  the  spring,  and  equating 
the  overall  strain  to  the  strain  in  the  dashpot  plus  that  in  the  spring.  The  behavior 
is  summarized  in  Figure  2.  6*. 

The  integrated  expression  for  strain  in  a  creep  test  (Figure  2.6b)  shows 
that  deformation  occurs  immediately,  and  that  unlimited  flow  occurs,  i.  e.  the  strain 
does  not  approach  an  upper  limit.  If  the  stress  is  removed,  there  is  an  immediate 
recovery  to  a  finite  strain  which  remains  as  a  permanent  deformation. 

This  model  shows  stress  relaxation  behavior  ir.  a  manner  similar  to  uncross* 

linked  polymers,  in  that  the  stress  decays  to  zero  at  a  decreasing  rate.  For  this 

model,  the  time  constant  is  defined  as  /rr.  in  which  T_  is  called  ths 

m  1  m  m  m 

relaxation  time  .  V.  has  the  dimensions  of  time  and  represents  the  time  for.  ths 
stress  to  fall  to  (1/e)  of  its  original  value  in  a  relaxation  test.  It  is,  therefore,  a 
measure  of  the  rate  at  which  the  relaxation  occurs;  for  example,  if  the  relaxation¬ 
time,  T  »  is  small,  the  stress  decays  to  zero  almost  immediately.  If  the  model 
is  strained  at  a  constant  rate,  the  stress-time  curve  in  Figure  2.  6d  shows  a 
response  qualitatively  similar  to  that  of  a  propellant  (Figure  2.  1). 

Three  element  model  (Maxwell  element  plus  spring).  -  As  the  Voigt  or 
Maxwell  models  bv  themselves  usually  possess  insufficient  generality  to  represent 
propellant  behavior,  it  is  necessary  to  form  combinations  of  these  basic  units  in 
order  to  approximate  actual  linear  viscoelastic  response.  This  is  usually  done  by 
adding  Voigt  models  in  a  series  or  Maxwell  models  in  parallel  to  form  an  array  of 


*  The  operational  notation  that  is  shown  has  a  two-fold  significance.  First,  the 
expression 


cr=- 


_  dt 

^"■at 


d  .  I tea-— i— 


(*) 


with  pad/dt,  can  be  interpreted  as  an  implied  form  of  integration  by  the  method 
of  partial  fractions.  The  integral  is  found  by  recognizing  that  O  is  the  solution 
to  the  first  order  differential  equation 


dO 

dt 


+ 


0*1 


in  which  Tm  and  m  are  constant  if  the  materials  temperature  is  constant; 
however,  when  the  temperature  is  transient  these  parameters  will  generally  be 
functions  of  time  because  of  their  temperature  dependence.  In  the  gene-  1  case  of 
time  dependent  parameters  Tm(t).  mm(t),  integration  of  (b)  yields 


c r-m.e 


4gsy)dv 


•V 


+  C.  h* 


(c) 


where  Cj  is  a  constant  to  be  determined  from  initial  conditions  (C.  e  0  for 
initially  zc.o).  With  constant  coefficients,  (c)  simplifies  to 


(T- 


dv  +  C, 


w 


A  second  interpretation  of  notation  (a)  is  associated  with  the  Laplace  trans- 
form  method,  which  can  be  conveniently  used  when  the  material  constants  are 
independent  of  time.  The  Laplace'  transform  of  a  function  y(t)  is  defined  aa 


y(P)-=  ^  (e) 

where  the  symbol  p  now  represents  the  complex  transform  parameter  (whose  real 
part  must  be  positive  for  convergence  r-f  the  integral  (e)).  Operating  on  the  dif¬ 
ferential  equation  (b)  with  this  transform  yields 


a-«*tfdor+or 

-  Ut+T* 


W 


in  which  we  have  integrated  dO’/dt  and  d€  /at  by  parts  and  assumed,  for  simplicity 
that  O  and  e  are  initially  zero.  Thus,  it  is  seen  that  a  second  interpretation  of  (a) 
is  that  it  is  the  transfer  function  relating  transformed  stress  7  and  strain  TS  if 
properties  '"instant  and  the  stress  and  strain  are  initially  zero;  namely,  with 
p  as  Laplace  transform  parameter, 

-  JL.  .  . 

E  (g) 


It  stress  (or  strain)  is  given  as  a  function  of  time,  then  the  time  dependent  stress 
(or  strain)  can  usually  be  found  with  standard  transform  tables  which  associate 
functions  of  p  with  time  dependent  functions,  and  thereby  eliminate  the  need  for 
formal  integration.  When  the  operator  equation  consists  of  a  sum  of  pa.'ial 
fractions,  as  it  does  if  additional  elements  are  added  to  the  model,  then  each  term 
can  be  interpreted  by  means  of  (c)  or  (g). 
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springs  and  dashpots.  The  mathematical  relations  developed  for  these  models 
will  serve  as  a  useful  guide  in  designing  experiments  for  the  testing  of  propellants. 
The  first  of  these,  shown  in  Figure  2.  7,  consists  of  a  spring  in  parallel  with  a 
Maxwell  element*. 

It  will  be  recalled  that  the  Maxwell  model  behaves  qualitatively  like  an 
uncross* linked  polymer  in  that  unlimited  flow  (or  strain)  occurs  under  a  continu¬ 
ously  applied  stress.  In  order  to  describe  the  behavior  of  a  cross-linked  polymer, 
a  spring  is  attached  in  parallel  as  shown  in  Figure  l.  7a.  The  modulus  of  a  spring 
in  parallel  with  one  or  more  Maxwell  elements  is  denoted  by  m^,  the  equilibrium 
modulus.  Its  physical  significance  can  be  seen  in  Figure  2.7c,  since  it  represents 
the  long-time  modulus  of  the  model  under  constant  strain.  In  addition,  this  spring 
provides  complete  recovery  as  shown  in  Figure  2.  7b.  Another  significant  parameter 
is  the  glass  'modulus  m^.  It  is  the  effective  elastic  modulus  for  very  Short  loading 
times  and  also  corresponds  to  the  effective  modulus  at  temperatures  below  the 
glass  transition  temperature. 

Response  to  the  various  types  of  loading  shown  in  Figure  2. 7b,  2. 7c,  and 
2. 7d  is  readily  obtained,  as  before,  by  integration  of  the  operator  equation  (  or  by 
the  Laplace  transform  method)  for  creep,  stress  relaxation  and  constant  strain 
rate  conditions. 

Five  element  model  -  two  Maxwell  elements  plus  spring.  -  The  last  finite 
element  model  to  be  discussed  explicitly  permits  one  to  fit  experimental  data  over 
a  wider  time  range  than  that  covered  by  a  three  element  model.  The  effect  of  this 
additional  flexibility  is  illustrated  in  Figure  2.8.  In  this  cate,  while  a  second 
order  differential  equation  relates  stress  and  strain**,  the  response  for  creep, 
relaxation,-  and  constant  strain  rate  is  seen  to  be  very  similar  to  that  of  the  three 
element  model. 

The  intermediate  case  of  a  four  element  model,  which  is  used  for  uncross- 
linked  polymers,  was  not  discussed  since  it  can  be  readily  obtained  from  the  five 
element  model  by  setting  m  m  0.  In  addition,  composite  propellants  are  usually 
crosslinked  so  that  the  more  common  condition  requires  passing  directly  to  five 
elements. 

*  Previously,  the  series  arrangement  of  a  spriiy  nd  dashpot  was  referred  to  as 
a  Maxwell  model,  however  when  it  comprises  only  part  of  a  more  general  model, 
it  will  be  called  a  Maxwell  element. 

**  It  is  important  to  realize  that  this  does  rot  reflect  inertia  effects  since  the  roots 
of  the  operator  equation  are  always  real,  which  results  from  having  used  a  model 
that  includes  only  springs  and  dashpots. 


In  concluding  this  section  on  finite  element  model  representations,  it  is 
expected  that  the  foregoing  models  will  provide  a  reasonable  flexibility  to  approxi¬ 
mate  propellant  response  over  a  limited  time  interval  to  the  desired  accuracy  of  • 
one  to  five  parameter  curve  fit  of  experimental  data  as  represented  by  the  spring 
and  dashpot  material  constants. 

2.  3.2  Infinite  element  models 

While  the  finite  element  models  permit  reasonable  representation  of  experi¬ 
mental  data  over  a  limited  time  range,  to  the  extent  of  the  number  of  unknown 
material  constants  or  parameters  available,  it  may  happen  that  the  time  range  of 
interest  is  too  broad  to  be  represented  by  a  model  with  just  a  few  elements.  Hencs 
to  hold  the  desired  accuracy,  but  simultaneously  to  extend  the  time  interval  of  data 
representation,  the  only  recourse  is  to  add  additional  elements  which,  as  a  practical 
matter,  is  frequently  impractical  for  stress  analysis*.  However,  it  is  useful  to 
consider  the  limit  situation  of  an  infinite  number  of  elements  which  will  yield 
(mathematically)  perfect  accuracy  over  the  entire  time  spectrum, 

Wiechert  or  generalised  Maxwell  model.  -  The  first  of  two  infinite  combi* 
nations,  which  will  be  shown  later  to  possess  certain  reciprocity  features,  consists 
of  an  infinite  number  of  Maxwell  elements  in  parallel  with  a  Spring  which  is  used  to 
represent  a  cross-linked  polymer  possessing  an  equilibrium  modulus.  Character¬ 
istically  this  type  of  model  is  used  when  the  strain  is  imposed  as  an  input  by  the 
experimental  set-up,  and  the  stress  output  is  measured.  The  behavior  is  illustrated 
in  Figure  2.  9  where  the  operator  equation  has  been  developed  from  a  (large)  finite 
number  of  Maxwell  elements  which  has  subsequently  been  increased  to  infinity  thus 
converting  a  finite  summation  to  an  integral  representation.  The  limit  is  taken 
such  that  the  stress  remains  finite,  as  indicated  in  the  figure. 

Instead  of  having  a  finite  number  of  discrete  parameters,  we  now  have 
introduced  an  arbitrary  function,  H(T  )»  usually  called  the  relaxation  spectrum. 

If  H(*t)  and  are  known,  the  stress-strain  law  is  completely  defined  for  all 
types  of  loading.  The  techniques  used  to  determine  H('f)  from  experimental  data 
will  be  discussed  subsequently,  but  they  amount  essentially  to:(a)  imposing  a  known 
strain,  €{t),  e.g.  €o;  (b)  measuring  the  stress,  0(t)  response  experimentally  and 
fitting  the  data  with  an  analytical  curve;  (c)  substituting  into  the  stress-strain 
relation  (see  Figure  2.  9)  for  <7(t)  and  €(t);  and  (d)  solving  this  integral  equation  • 
analytically  or  numerically  for  H(T). 

*  Varioup  proposals  have  been  advanced  to  use  electrical  analog  techniques  (e.g. 
Bliaard'  '  '  and  Gross'  ’  with  only  limited  success. 
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Integration  of  the  general  operator  equation  for  the  constant  strain  case 
may  still  be  carried  out  through  the  usual  procedure  for  partial  fractions  or 
application  of  the  Laplace  transform*  even  though  .here  is  not  a  finite  sum  of 
terms.  With  this  latter  method,  the  solution  for  zero  initial  conditions  is 
obtained  immediately,  which  gives  the  relaxation  modulus  in  terms  of  the  relax-  . 
ation  spectrum*.  This  modulus  evaluated  at  t  *  0  is  defined  as  the  glass  modulus, 
nig,  in  accordance  with  the  previous  definition  when  finite  element  models  were 
considered.  The  equilibrium  modulus  mfi  takes  on  the  same  significance  as  before. 

For  constant  strain  rate,  stress  can  also  be  easily  determined  by  means  of 
the  Laplace  transform.  The  result  is  seen'to  be  similar  to  the  relaxation  modulus. 
In  fact  a  very  interesting  relation  is  shown  to  exis%  namely  that  the  slope  of  the 
stress-strain  curve  is  a  constant  strain  rate  test,  4{t)  sR  is  equal  to  the  stress 
relaxation  modulus  evaluated  at  (  €./R).  This  relation  is  independent  of  the  relax¬ 
ation  spectrum  and  thus  depends  only  on  the  assumption  of  linear  springs  and  dash- 
pots.  Indeed,  this  same  correspondence  exists  for  the  models  with  a  finite  number 
of'elements.  Such  a  relation  is  very  useful  since  data  from  these  two  types  of  tests 
can  be  used  to  check  the  assumption  of  .  -iiearity. 


*  This  will  be  shown  to  illustrate  an  application  of  the  transform  method  to  the 
integral  representation.  In  accordance  with  the  previous  footnote,  the  transformed 
equation  (equation  (i).  Figure  2.  9)  is 

in  which  p  is  the  transformation  variable  and  all  conditions  are  taken  as  zero  for 
t  ir  0.  Even  though  this  is  the  transform  of  an  integral  expression  rather  than  a  . 
finite  sum  of  terms.-  the  sta>idard  procedure  can  be  used;  the  only  additional 
restriction  is  that  the  integral  converge  uniformly.  For  constant  strain  input, 
eo.  its  transform  is  £(p)  ■  €e/p  and  the  transformed  equation  becomes 

The  inverse  transform  is  found  using  the  relation 


h(t)  <rr  _  r  nme'V* ^ 


(c» 


which  yields  the  time  dependent  relaxation  modulus 

’mtt)S  '21“  =['>ne+\*r",WtT)e"'t^*dT] 

*  •'*  (see  also  Figure  2. 9) 

Experimental  data  is  obtained  for  the  relaxation  modulus,  Cf{t)/  £  Q,  and  the 
eqiilibrium  modulus  is  estimated  at  long  times  from  the  same  data.  Thus,  in 
principle  everything  is  known  except  H(*t)»  for  which  the  integral  equation  is 
solved  analytically  or  numerically. 


Kelvin  or  generalised  Voigt  model.  -  The  other  infinite  element  model  can 
be  generated  a*  shown  in  Figure  2. 10  by  arranging  a  large  number  of  Voigt  elements 
and  a  spring  in  series.  In  fact,  it  turns  out  that  the  linear  viscoelastic  behavior 
generated  by  the  Wiechert  model  can  also  be  defined  equivalently  by  the  Kelvin 
model*.  Therefore,  in  principle,  only  one  method  of  representation  is  actually 
needed  to  solve  stress  problems,  although  both  are  sometimes  used  for  expert— 
mental  reasons  and  cross-checking  of  data.'  Also,  the  Kelvin  model  is  customarily 
used  whert  the  input  function  for  the  experiment  is  stress  and  the  measured  output 
is  strain. 


For  example,  reference  to  Figure  2.  10  shows  that  when  stress  is  given,  as 
in  a  strain  retardation  or  creep  test,  the  strain  is  a  relatively  simple  function  of 
the  model  parameters  if  the  Kelvin  model  is  used.  Conversely  a  Wiechert  repre- 
sentation  is  natural  and  simpler  for  a  stress  relaxation  experiment. 

Because  of  the  close  correspondence  between  the  Wiechert  and  Kelvin  models, 
the  latter  will  not  be  discussed  in  detail.  However,  some  simple  correspondences 
are  evident.  It  is  seen  for  example  that  spring  constants  are  written  in  terms  of 
compliances,  kj,  rather  than  their  reciprocals,  rm;  similarly,  the  dashpots  are 
defined  by  fluidity,  $  .,  instead  of  the  reciprocal  17  i.  This  choice  of  nomenclature 
exemplifies  the  similarity  in  the  corresponding  mathematical  representations  of  the 
two  models.  Thus  one  may  see  that  i/k  e  m  and  1/m  m  k  .  Many  other  more 
involved  expressions  relating  the  infinite  element  models  can  be  found  in  the  litera¬ 
ture  or.  linear  viscoelasticity*2'  5^.  They  are. particularly  useful  in  checking  the 


*  The  equivalent-  of  the  Wiechert  and  Kclvir.  ...Odel*  c.r.  be  .lu>w«.  when  they  have 
either  a  finite  or  infinite  number  of  elements.  However,  there  are  a  couple  of 
conditions  which  must  be  satisfied  in  order  to  do  this.  One  is  that  the  finite  and 
infinite  element  models  must  both  have  the  same  basic  behavior  in  regards  to  limited 
or  unlimited  strain.  In  particular,  if  me  4  0  in  the  Wiechert  model,  then  the  equiva¬ 
lent  Kelvin  model  must  have  a  spring  adjacent  to  all  the  dashpots.  Similarly,  if  tha 
Wiechert  model  represents  uncross-linked  material  (me  »  0),  then  the  equivalent 
Kelvin  model  must  have  a  free  dashpot  in  series  with  the  spring  k...  The  other 
condition  is  that  the  number  of  elements  in  each  model  must  be  the  same. 

To  prove  that  the  finite  element  models  are  equivalent,  it  is  necessary  and  suffi¬ 
cient  to  show,  as  will  be  carried  out  later,  that  the  operator  equation  for  each  can 
be  written  in  identical  form.  That  is,  the  same  derivatives  must  appear  in  both 
numerators  and  in  both  denominators.  The  coefficients  of  the  derivative  terms 
dn/dtn  will,  of  course,  consist.of  different  parameters.  However,  by  equating  the 
coefficients  of  the  same  derivative  terms  in  each  model,  relations  between  the 
parameters  of  the  models  are  obtained.  With  an  integral  representation,  the  corre¬ 
spondence  between  model  parameters  is  obtained  in  the  form  of  integral  equations 
(see  equations  2.4.  15  and  2.  4.  16). 
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theory  by  comparing  data  from  various  types  of  tests.  It  is  important  to  note, 
however,  that  such  simple  relations  between  the  short  and  long  time  limit  moduli 
generally  do  not  hold  between  the  time  dependent  quantities  of  the  models.  For 
example,  it  is  not  generally  true-that  the  relaxation  modulus  is  the  reciprocal  of 
the  creep  compliance. 

Ladder  model.  -  There  is  another  particularly  useful  arrangement  of  spring 
and  dashpot  elements  which  does  not  exactly  fall  into  the  previous  categories.  For 
years,  rheologists  have  been  compounding  elements  into  arrays  analogous  to 
electric  circuits,  with  little  thought  to  the  implications  of  polymer  molecule  kine» 
matics.  Because  of  the  intrinsic  awkwardness  of  these  models,  it  has  been  neces> 
•ary  to  achieve  adequate  material  representation  through  the  use  of  broad  distribution 
functions  or  at  best  four  or  more  element  networks. 

In  1948,  Blizard^*  ^  proposed  what  has  come  to  be  known  as  a  realistic 
network  representation  of  an  array  of  polymer  molecules.  He  suggested  that,  sines 
a  segment  of  a  polymer  molecule  is  actually  imbedded  in  a  medium  of  average 
viscosity,  the  viscous  forces  or  dashpots  be  distributed  uniformly  along  the  chain, 
represented  by  a  long  elastic  spring.  Furthermore,  he  assumed  that  all  segments 
are  equally  elastic  and  contribute  equally  to  sharing  the  stress  reaction  (affin* 
behavior).  Thus  he  was  able  to  arrive  at  a  model  based  on  only  three  parameters 
which  provides  an  excellent  representation  of  material  behavior;  this  is  known  as 
the  ladder  model  (see  insert). 


x.  is  the  coordinate  of  the  tail  of 
1  the  ith  stretched  element. 

)  is  the  length  of  an  unstretched 
°  element 

T  >i)/m  is  the  retardation  time  of  the 
viscous  stresses 

|  is  the  unstretched  length  of  the 
8  glassy  segment 


m 


B 


is  the  modulus  of  the  glassy 
segment 
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The  following  kinematic  relatione  stem  from  the  topology  of  the  networks 


"~C~  +  T  j u 


i  n-i 


(2.1.1) 


1.  m  it 

-  *«-«. 
tjj.+  lg 


(2.3.2) 


(2.3.3) 


These  equations  may  be  solved  by  the  usual  methods  applicable  to  difference 
equations  to  yield  the  transfer  function  of  the  network*  which  is  the  ratio  of  the 
Laplace  transforms  of  the  stress  output  to  the  strain  input. 


«  W*  ,  (t-  tn« \  tanhVPT7 
w*  '  ifPTZ 

In  arriving  at  this  solution,  it  is  assumed  that  n  — ►  T0^  *nd  »*$*>  1* 

for  large  r.  finally,  m,  L,  and  m^  are  eliminated  by  the  introduction  of  m#  and 
m^.,  the  overall  rubbery  and  glassy  moduli  of  the  network.  Note  that  m^  if  m^., 
because  the  strain  of  the  network  is  referred  to  (n  E.Q  +  i^), whereas  the  strain  of 
the  glassy  element  is  referred  to  1^. 

The  importance  of  (2.  3.  4)  lies  in  the  fact  that  this  simple  function,  based 
on  only  one  parameter  besides  the  usual  limiting  moduli,  i.e.  T.0*  provides  an 
excellent  representation  of  actual  data  in  many  cases.  On  the  other  hand,  the 
presence  of  an  essential  singularity  in  the  denominator  makes  all  analytic  inversions 
intractable.  The  associated  creep  and  relaxation  functions  are  being  calculated 
numerically  at  the  National  Bureau  of  Standards. 


(2.  3. 4) 


2.  3.  3  The  dynamic  behavior  of  models. 

In  the  previous  sections,  the  operation  equations  and  the  operational  moduli 
and  compliances  were  presented  for  various  models  which  implicitly  related  stress 
to  strain.  In  addition,  time  dependent  solutions  were  given  for  certain  simple 
loading  conditions  such  as  the  variation  of  strain  with  time  when  a  constant  load  was 
applied,  or  variation  of  stress  under  constant  applied  strain.  The  former,  for 
example,  was  called  a  creep  test,  and  the  ratio  of  strain  €(t)  to  stress  (?0  was 
defined  as  the  creep  compliance,  k(t). 
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Now  in  addition  to  the  use  of  this  kind  of  loading,  there  is  another  con* 
venient  method  of  determining  model  parameter*  by  using  complex  (or  dynamic) 
moduli  and  compliances  that  relate  sinusoidal  time-dependent  stress  and  strain. 

They  are  obtained  by  formally  substituting  iuT  (  u)  «  frequency,  i  ■  V*7)  for  the 
time  derivative  symbol  p  ■  d/dt  in  the  operator  equations  given  in  Figures  2.  S  to 
2. 10  and  separating  the  real  and  imaginary  parts.  The  symbols  will  be  similar  to 
those  used  previously  in  the  general  presentation,  except  that  complex  quantities 
willbe  starred  such  that  m*  will  denote  complex  modulus,  and  k*  complex  com¬ 
pliance.  When  these  are  used  for  a  particular  propellant,  it  will  be  necessary,  of 
course,  to  indicate  whether  they  represent  simple  tension,  bulk,  or  shear  behavior. 
For  example,  the  complex  shear  compliance  is  denoted  by  J*{u>),  ^nd  the  complex 
shear  modulus  by  M  *(W). 

For  simplicity,  complex  notation  is  used,  e.  g.  sinusoidal  stress  is  written 
as  0ro*i  W  *  sod  sinusoidal  strain  as  €  fte*  “*  *.  If  stress  is  given,  ff0  is  considered 
to  be  a  real  constant  representing  the  maximum  amplitude  of  the  sine  wave,  and 
€*a  is  a  complex  function  of  frequency,  u>  .  For  <y Q  ■  1,  e  *a  is  identically 
the  dynamic  compliance  k*.  Similarly,  with  strain  given,  €  Q  »•  real  and  0ro* 
is  a  complex  function  of  frequency  which  is  identical  with  the  dynamic  or  complex 
modulus  when  € o  ■  1.  A*  another  matter  of  notation,  it  is  convenient  to  represent 
the  modulus  by  its  real  and  imaginary  components  m*(u>)  and  m"(w):  thus 

Tn*Cu»)  =*  V(W)  +  i  TtT(u>)  =  -5L  =  «  -5^  (2-  3-  5I 

and  the  compliance  by  its  real  and  imaginary  components  k'(ur)  and  -k"(ur): 

_  _*  '>•»>'  • 

*  -fe(w)  - i’fe  (<•>!  —  -^r  =  -0*  glwt  * t2,  3* 

Because  of  v:  cosity,  there  is  a  phase  angle  between  stress  and  strain  which  is 

Ta«*'4s!i» 

tn<w)  -fc'tw) 


(2.  3.7) 


The  •  train  lag*  behind  the  *tre*>  ao  that  m'(u) ),  m"(cO)»  k’(u>).  k"(h))  are  all 
positive  function*  of  frequency.  These  complex  quantities  may  also  be  written 
in  the  form 


I'm*!®1* 

-Vcwi  - 1  -fe’l  e"u 

where 

i-m*l  — 

i-tfi  -  w+rtY’ 


(2.  3. 8) 

(2.  3.9) 
(2.  3. 10) 


Since 


jr 

6 


it  follows  that 

lirfll-fcl  =»  1 


(2.  3.11) 


(2.  3. 12) 


which  is  useful  in  converting  data  from  compliances  to  moduli  or  visa  versa. 

In  order  to  illustrate  the  procedure  for  determining  the  complex  moduli  and 
compliances  from  operational  expressions,  consider  as  an  example  the  Voigt  model. 
From  Figure  2.  5a,  the  operator  equation  gives 

TTU)>}=  *mv  (T,f»+  0  (2.3.13)  . 

Letting  p  ■  iu>  gives  the  complex  modulus 

<*>}=■  m»+ (2.3.14) 


from  which  the  real  (m*)  and  imaginary  (m")  components  are 

■»*'«  'mv  (2.  3.  15) 

■tn"**mvT,u)  (2.3.16) 


This  representation  thus  produces  a  real  part  of  the  modulus  which  is  constant, 
and  the  imaginary  part  which  is  linear  in  frequency. 


where  we  Have  defined  ky  •  l/mv« 

Complex  moduli  and  compliances  for  several  models  have  been  computed 
and  are  given  in  Figures  2.  11  -  2. 15.  It  was  mentioned  previously  that  when  model 
response  is  to  be  related  to  test  data,  it  is  most  convenient  to  use  models  consisting 
of  Voigt  elements  in  series  if  stress  is  given;  while  if  strain  is  given,  models 
consisting  of  Maxwell  elements  in  parallel  should  be  used.  Similarly,  it  is  desirable 
to  represent  the  dynamic  behavior  of  Voigt  type  models  by  complex  compliances 
and  dynamic  behavior  of  Maxwell  type  models  by  complex  moduli.  Except  in  the 
case  of  the  basic  two-element  models,  this  rule  is  followed  in  presenting  the  dynamic 
moduli  and  compliances. 


2.4  Spectral  Distribution  Functions 

We  have  seen  that  there  are  several  ways  of  characterizing  a  viscoelastic 
material.  It  may  be  represented  by  various  forms  of  finite  models,  or  by  s 
spectral  distribution  cf  the  relaxation  times  associated  with  a  Wiechert,  Kelvin  or 
ladder  model.  The  distribution  function  may  be  thought  of  as  an  unknown  transfer 
function  by  which  the  stress  and  strain  are  related.  If  a  known  stress  (strain)  is 
imposed  and  the  strain  (stress)  response  is  measured,  then  the  third  unknown 
element*— the  transfer  function  connecting  them— can  be  deduced. 

Since  the  choice  of  r.  .del  used  to  represent  a  given  mechanical  behavior  is 
arbitrary,  it  follows  that  the  various  models  must  be  related,  both  topologically 
and  analytically.  The  topology  of  network  models  is  an  as  yet  unexplored  area, 
which  will  be  continually  pursued  as  an  important  development  phase  of  linear 


viscoelasticity.  The  analytic  nature  of  network  model  representation  by  distribution 
functions  permits  a  mathematical  investigation  of  the  character  of  the  interrelation. 

One  of  the  most  direct  ways  of  determining  the  spectral  distribution  functions 
is  to  apply  a  constant  strain  input.  €c»  measure  the  uniaxial  stress  response.  (T(t)  . 
(and  hence  the  relaxation  modulus  E(t)  ■  (J(t) /€Q)»  and  solve  analytically  or 
numerically  for  the  resulting  transfer  function,  or  explicitly,  the  integral  equation 
for  H(  T  )  in  the  Wiechert  model.  In  particular,  from  Figure  2.  9,  we  have 

Ott>= [e.  +  [!.u| 

which  for  the  case  of  constant  strain,  €Q»  gives 

E.  +  ^T‘,H(r)eVtdT  (2.4.2) 

with  the  normalizing  condition  (Figure  2.9) 

Eg_Ee»  ('f'Wl'tldT  (2.4.3) 

*» 

An  alternate  approach  for  determining  the  distribution  function  is  to  apply 
a  constant  stress,  (J^,  measure  the  uniaxial  strain  response  £(t)  (and  hence  the 
creep  compliance  D(t)  «  €(t)/  Cfc)»  and  solve  analytically  or  numerically  for  the 
resulting  transfer  function,  or  explicitly,  the  integral  equation  for  L(*C)  in  the 
Kelvin  model.  In  particular,  from  Figure  2.  10,  we  have 

<2<-« 

which  for  the  case  of  constant  stress,  (yo»  gives 

=  t>i+^T*,UT)(»-«Vl)dT  (2-4.5) 

•  * 

with  the  normalizing  condition  (Figure  2.  10) 

L  CT) dt  (Z*  4*  6) • 

Inasmuch  as  either  of  these  analytical  representations  of  the  distribution 
functions  apply  to  the  same  material,  it  follows  that  one  may  convert  the  analytical 
representation  of  one  transfer  function,  say  *^T(p)/  ^  (p)>  into  the  other,  €^(p)/ <?(p)» 
which  must  be  the  reciprocal.  The  subsequent  section  discusses  these  relations 


2. 4. 1  Model  interrelationships, 
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The  relation  of  the  distribution  functions  H(*t)  and  L(T  )  is  easily  established 
in  principle  by  using  relationships  between  the  Laplace  transforms.  Specifically, 
the  transforms  of  (2.  4. 1)  and  (2.  4.  4)  are,  respectively 


_?(«  _  «=  fVjtTLctT  _  _  . _  J*Vh'uo  «im 

r.  ^  f**t-(T)  dr  _  n  „  s  (“  u'<x)  , 
5«~  * D«+(^-De1^-F^rd/< 


(Z.  4. 7) 


(2.4.8) 


where  the  change  of  variable  T  s  \/m  has  been  employed  along  with  the  definitions 


Ht-iOat  (2.4.9) 

M* 'l  =!-(-£)  -  (D.-D^l-'  (x)  (2.  4. 10) 


which  requires  in  the  normalizing  functions  (2.  4.  3)  and  (2.  4.  6)  that 

^  V4'(M)d(W0=l  i  ^L'lX)d(JUA()z«l  (2.4.11) 

Multiplying  (2.  4.  “)  and  (2.  4.  8)  together  gives  the  relation 

[E.+  d*]  -  1  (2-  4. 12) 

which,  using  (2.  4.  11),  is  equivalent  to  the  more  symmetrical  form 

h-  ^-'->9^  M - 1  ,24U’ 

Note  that  from  a  limit  check  at  large  and  small  p,  respectively,  one  deduces 

E.D«»  1  J  EfEfc*i  (2.4.13a) 

so  that  it  is  obvious  that  if  either  H(T )  or  L(T )  is  known,  the  other  can  be  calculated*. 

*  By  way  of  detail  in  carrying  out  the  preceding  calculation,  note  that  if  we  have 
two  Laplace  transforms  defined  by  the  relations 


<*) 

-ftcs)=  r<jtfOe**dt> 

(b) 

then 
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-&<s)  =*  ^ . 


4W 


dt 


(C) 


4s+t 

The  iterated  Laplace  transform  (c)  is  known  as  a  Stieltje  transform*  and  has  rather 
simple  inversion  properties.  If  (a)  exists  and  converges,  then  h(s)  is  analytic  in 
the  entire  t-plane  except  the  negative  real  axis,  where  it  has  a  branch  point  at  the 
origin.  Use  may  be  made  of  this  cut  in  the  principal  Riemann  sheet  to  invert  (cl. 
First  note  that 


»l.  Qc 

3.tt 

=.  r± gig 

J,  t-n 


with  s w-n-ti,  n>o 


‘4(t)lt-«)dt  .  . ,  t 
“  «i*+  i* 


r  4wdt 

Ut-n?+  (F 


^  frtaw  81 V  Sec*8 


d# 


-? 


kxsecm# 
using  (t-nl*  Stand 


Similarly 


(d) 


(«) 


The  integral  in  (d)  and  (e)  is  the  principal  value.  The  difference  between  equations 
(d)  and  (e)  is  known  as  the  jump,  given  by 


-R  Ue'1’')-  -Rue1*')  =  2-aifcni 


<*) 


Thus,  the  inversion  of  (c)  is  accomplished  simply  by  calculating  the  jump  of  the 
function  h(s)/2i:i.  Hence  using  the  definitions  (2.  4.  14),  (2.  4. 17),  and  (2.4.  IB) 
in  (2.  4.  13),  one  may  deduce  that 


S.CF) 


g  S-ifr) 
1-U-(S1  S„tw 


(g) 


which,  using  (f),  yields  (2.  4.  15)  or  (2.  4.'  16). 


(2.4.14) 


After  using  (2. 4. 1 3s)  and  defining 


it  is  found  that 


ft  w'(AO 


and  also 


M '(*)= 


ft*’  '{>0 


o-  :oo]* 

where  it  is  frequently  convenient  to  have  defined  the  integrals 


♦>+>* 


(2.4.15) 

(2. 4. 16) 

(2.  4. 17) 
(2.  4. 18) 


We  are  now  concerned  with  the  problem  of  specifying  the  various  useful 
types  of  stress  inputs  and  strain  inputs  and  defining  the  relations  among  them. 
The  subsequent  table  lists  the  most  important  inputs. 


Transform 


€09 

*JP 

io) 


Strain  input 

Associated  stress  behavior 

€(tl 

generalized  relaxation 

€. 

relaxation 

dynamic  response  to 
sinusoidal  strain  input 

sin  cot 

imaginary  part  of  dynamic 
response 

Rt 

tensile  stress  (at  constant 
rate  of  strain) 

Stress  input 

Associated  strain  behavior 

C<t> 

generalized  creep 

(T. 

creep 

cr.eiwt 

dynamic  response  to 
sinusoidal  stress  input 

C^s»nurt 

imaginary  part  of  dynamic 
response 

e.w/(p«+J*) 

R/f»* 


Transform 


ff(tt 

a/t> 

CC“>/(p%u?) 


Among  these  sets  the  most  easily  procured  data  is  creep,  and  the  most  precise  is 
dynamic  response  to  sinusoidal  stress  input.  It  is  important  to  establish  relatione 
which  enable  one  to  convert  one  set  of  data  to  the  other  for  the  purpose  of  rapidly 
predicting  physical  behavior. 

The  relation  between  relaxation  at  constant  strain  and  tensile  stress  at 

constant  rate  of  strain.  -  It  may  be  noted  incidentally  that  there  is  no 
parallel  with  retardation,  since  equipment  for  testing  at  constant  rate  of  stress  rise 
is  not  ordinarily  applied  to  polymeric  materials.  The  ratio  of  the  transforms  o * 
the  strain  inputs  is  given  by 


(2.  4.19) 


where  the  constant  strain  rate  is  designated  as  R.  Since  the  transfer  function  is 
independent  of  the  strain  input,  the  ratio  of  the  linear  functionals  of  the  stress 
outputs  is  equal  to  the  ratio  of  the  same  quantities  for  the  strain  inputs.  Equation 


(2.  4. 19)  may  be  recast  as 


e. 


(2.  4. 20) 


and  remembering  that  the  stress  at  aero  time  is  taken  to  be  zero,  the  inversion 
yields 


rr*1-  ae  BE  (tl  —  *  dOtc«».  <j  CTt«n».  | 

"<•  «  dt  de  I,., 


(2.4.21) 


Equation  (2.  4.  21)  shows  that  the  relaxation  modulus  at  t  »  €/R  is  the  slope  of  the 
tensile  stress  curve  at  e  .  Conversely,  relaxation  data  can  be  integrated,  in  the 
framework  of  linear  viscoelastic  theory,  to  generate  tensile  stress  data. 

The  relation  between  relaxation  at  constant  strain  and  creep  at  constant 
stress.  -  From  (2.  4.  8)  and  (2.4.17),  it  follows  that 


■=  V  -£-[d*+ UV-DflSJW] 


Likewise  from  (2.  4.  7)  and  (2.  4.  18) 

—  I 


-ijf  « 


(2.  4.22) 


(2.  4.23) 


Multiplication  of  these  latter  two  equations,  using  footnote  equation  (g)  and  (2.  4. 14) 
yields 

^crp.  J»i 


(2.  4. 24) 


which  may  be  recast  as 


D  (tt  m— * — •  — — — . .  . 

P  e,-(e8-  b.)S„<(») 


(2.4.25) 


No  general  inversion  can  be  given  for  T>ct£p)  !  but  if  ^rel(p)  *•  represenUble  by  a 
simple  analytical  function,  then  the  inversion  can  often  be  effected  analytically. 

If,  as  is  often  the  case,  the  analytical  representation  of  is  quite  complex,  then 
the  following  numerical  formula^2*  ^  may  be  used  for  inversion.  Let 


<j(p)=  rV-ne'^dt 


(2. 4.26) 


(2. 4. 27) 


Also  useful,  for  inversion  of  the  Stieltje  transform^2'  is  the  following:  Let 


-ft (si  *  ~ 

,,  ,  t-.T"  d"  [  «■>.,  d—  . 


(2.  4.  28) 


(2.  4.  29) 


Sinusoidal  and  constant  inputs.  -  Consider  now  the  relation  between  responses 
to  sinusoidal  strain  input.  Similar  relations  may  also  be  developed  relating  sinu¬ 
soidal  and  constant  stress  input.  The  constant  strain  input  results  in  an  output 
defined  by  (2.  4.  23),  and  may  be  inverted  to 

■gf1'*  er,i.=  dlW*)  4*  30a* 

*  Ce8  -  E AZ\M)  e^d  IM  (2'  4* 30b) 

% 

The  imaginary  part  of  the  sinusoidal  input  results  in 

E.")  S„tt»]  (2.  4.  31) 

Osin.  _  _  s(*  .  fa)e*4>«Siw<Jt-M>COS«it  j .. 

/'  *  (2.4.32) 

As  t  -—oo,  the  measured  sinusoidal  stress  becomes  steady.  This  actually  occurs  in 
a  very  short  time,  and  is  represented  by 


+  [(^- d(  W<)]crtoot  • 

(2.  4.  33) 

a  E^SinWt  *+  E*CeS  u)t 

Similarly, 

the  real  part  results  ia 

\  -  w [E«  (E*“^  s«(wl 

(2. 4.34) 

Ob*.  St.  _  #  -j.  m  . 

E.  —  Ec*.st.~  E  Coswt-  E  S»PWt 

(2.  4.  35) 

Referring  to  the  sinusoidal  strain  input  cited  in  the  table  above,  we  have 

€  “  €,€  *  €,costo't+ t€,s«nuJt 

(2.  4.  36) 

SO  that 

C*=  «Uit+>W*  e.(^,s»tl^-.st)*€,e  ^(E'+ie*) 

(2.  4. 37) 

ff*  .  ,  .  m 

=  e  *  e  +  ia 

(2.  4.  38) 

Similarly, 

it  can  be  easily  shown  that' 

t*  _*  .  _» 

— —  =  D  *D-iD 

Cf* 

(2.  4.  39) 

from  which  it  follows  that 

e*d*=  1=  (e'+  Ie'Xd'-  iD*>  =  (e'd'+eV)  +  i  (eV-  e'd') 

(2.4.40) 

or 

l  =  e  V+  e'd' 

(2.  4.  41a) 

eV=  e'd' 

(2.  4.  41b) 

Thus,  the  transfer  function  for  dynamic  strain  and  stress  inputs  are  reciprocal. 
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Before  completing  the  relation*  between  static  and  dynamic  moduli*  it  il 
convenient  to  note  that  the  inverse  Fourier-sine  transform  of  a  unit  step  function 


is  a  pure  sine  wave  m 

(2.4.42) 

This  suggests  that  the  Fourier  transform  of  relaxation  data  must  generate  dynamic 
data*  and  we  have  (as  is  verified  by  direct  substitufion): 

(2. 4. 43) 

E*  -  ui^e^lD-Ejcoswtdt 

(2. 4.44) 

W*~  e«  *  iu>  e^d-t 

(2.4.45) 

(2. 4.46) 

Inversion  of  these  transforms  results  ia 

. 

e J;tl ~E«“ *^*-*'" wt du> 

*• 

(2.4.47) 

-fU  -Slcoawt  du> 

(2.4.48) 

from  which  it  follows  that  E*  and  E"  must  be  related.  The  reciprocal  relations 
between  them  arc  known  as  the  Kror.ig -Kramers  integrals^'  ^  (principal  values 
indicated  by  cuts  in  integral  signs): 

u>  11  ),  P  r 

(2.4.49) 

U.  Tt  ‘ 

(2.  4. 50) 

In  summary,  equation  (2.  4.  40)  relates  outputs  produced  by  sinusoidal  strain 
input  and  sinusoidal  stress  input.  Equations  (Z.  4.  42)  -  (2.  4.  48)  relate  the  real 
and  imaginary  parts  of  the  dynamic  modulus  to  the  relaxation  modulus  and  equations 
(2.  4. 49)  and  (2.  4.  50)  relate  the  real  and  imaginary  parts  of  the  dynamic  modulus* 
one  to  another.  Similar  relations  hold  for  compliances. 


2.4.2  Power  law  distribution  function. 


Before  examining  viscoelastic  teat  data  in  detail,  it  is  appropriate  to 
inquire  into  the  general  character  of  creep  and  relaxation  data.  The  first  obser¬ 
vation  is  that  most  materials  behave  such  that  if  the  relaxation  modulus  is  plotted 
against  time  on  log-log  paper,  a  nearly  straight  line  results.  Furthermore,  if  the 
compliance  data  is  plotted  in  a  similar  way,  again  a  straight  line  arises— of  approxi¬ 
mately  the  same  slope  but  reversed  sign.  Then  if  unit  time  is  located  at  the 
inflection  point,  creep  behaves  as  relaxation  at  reciprocal  time,  and  of  course, 
visa  versa.  Such  observations  lead  to  the  selection  of  a  trial  distribution  function 
which,  when  inserted  into  the  integral  expressions  (2.4.2)  or  (2.4.4),  will  integrate 
out  to  give  essentially  a  log-log  straight  line  in  the  physical  time  plane. 

The  first  function  chosen  is  a  simple  power  law  (jmm  T~*  ) 

W  Ct)  *  C  w  CM"  (2. 4. 51) 

and  we  wish  to  compute  its  associated  relaxation  modulus  from  (2.4.2)  allowing  for 
the  normalization  (2.  4.  3)  which  fixes  the  constant,  C,  i.o. 

\  CM*~'6tA  =  C Ml/n  (2.4.52) 

so  that* 

C=  (2.4.53) 

and  thus,  incorporating  (2.  4.  9), 

w'(/4)*n(^y  ;  (2.4.54) 

a  O  J  M  >  'Um 


*  In  order  to  normalize  (2.  4.  52),  it  is  necessary  to  assume  an  upper  limit  for  M  , 
sayx,  equivalent  to  a  lower  limit,  say  T  »  for  T  .  In  practice,  this  lower 
limit  is  so  small  that  neglecting  T<  has  little  observable  effect  upon  measured 
data.  This  is  why  this  approximation  is  frequently  called  the  cutoff  power  law 
distribution. 
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With  the  constant  determined,  we  calculate  the  relaxation  modulus  In  a 
tensile  specimen  (Figure  2. 16)  aa 


»  E.+ 


e~^dM 


*  s.-t-Cec-E.) 


nr(n,^mt> 


(2.4.55) 


which  as  soon  as  Mm  t  •  t/  3,  I"(n,  Xmt)  — <►  J* (n),  a  constant,  the  log-log 

straight  line  slope  desired  is  therefore  actually  obtained  over  most  of  the  time 
range,  i.  e. 


f° •  e1~  =  Iot  r£,+n)  "  n  H  tA-t) 


(2. 4. 56) 


The  straight  line  portion  usually  begins  after  a  few  microseconds  or  so,  and  hence 

to  use  this  approx ‘mate  distribution  function: 

1.  »lot  the  experimental  relaxation  modulus,  CT(t)/  eo  versus 
time  on  tog-log  paper  and  determine  the  slope  of  the  straight 
line  portion  of  the  curve,  this  calculation  fixes  n. 

2.  Reed  off  this  curve  the  best  values  of  the  long  and  short  tima 

moduli.  and  E  . 

eg 

3.  pick  an  experimental  point,  Er(tj),  near  the  center  of  the 
straight  line  part  of  the  curve  at  a  particular  time,  »..  ’ 

Knowing  the  two  moduli  (E„  and  E  )  and  n,  calculate  *>U_ 
from  (2.  4.  56)  at  the  time,  e 

4.  The  distribution  function  is  now  determined. 

Following  the  discussion  in  connection  with  the  Wiechert  model,  and 

Figure  2.  9,  the  stress  during  a  constant  strain  rate  test  (  €  *Rt)  may  be  easily 
computed  by  integrating  (2.  4.  55)  with  respect  to  time  and  evaluating  the  result  at 
ta  €/R,  i.e.,  dff  /de  »  dff  /d(Rt)  ■  Erel(t)  and 

‘U?-  E.) ]Pt  <2  4‘57> 

where  the  connection  with  the  relaxation  modulus  may  be  noted,  namely 


<u?' 


Er«>.ft)-Ee' 

i-n 


-U1 


(2.  4.  58) 
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In  order  to  calculate  the  creep  compliance  from  the  relaxation  modulus.  It 
is  necessary  to  proceed  via  the  Laplace  transforms: 


E  *  ~Sr 
r«t.  p 


■+  t2-  ^59) 


where*  ueing  (2*  4.  24)f  we  have 


*  i  ■ 

'px  IEj  { 

l  t>  Sinnxl 


(2.  4. 60) 


In  order  to  effect  the  inversion,  it  is  necessary  at  this  point  to  assume 
Ee«  Erej»  this  approximation,  along  with  the  previous  one  of  assuming  x^/poc.1 
limits  the  application  of  the  resulting  formula  to  the  transition  region,  sufficiently 
remove.!  from  the  rubbery  and  glassy  limits  to  make  the  approximations  valid. 

With  this  restriction  then,  it  follows  that 


_  Sin  mt 

D‘-f-  *  Ecf "  mr 

_  tM-tV  Slnrnr 
cr*  ~  esfr(i-*-w)  ‘  nx 


(2.  4.61) 


'  (2.  4. 62) 


This  leads  to  another  simple  relation,  observed  between  creep  and  relaxation; 
namely 

r>  .  E  rss  Sinnx 

cr*  r«i.  wr  (2.4.63) 


The  complex  modulus  and  compliance  are  easily  obtained  (see  2.  4.  46) 


'  Ee+  (e  - 

l  Sinntr  \Mml 


it iT€  V“)  ^'(2.4.65) 
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It  remain,  to  connect  the  distribution.  H*(x  )  and  L'U)-  Since  the  exact 
relation,  involving  the  cutoff  function,  are  mathematically  quite  involved,  one  can 
gain  some  in*ight  to  the  relation  by  using  (2.  4.  30b)  with  Eft«  £  and  (2. 4.  56): 


s  b  rtw-ro  r(i-ni 

r“~  ‘ — - 


D  tMl, 


J  _  _  _  VtMm  Sin -nr 

crt-  p1*"  pM"  *  nir 


rm 


(2. 4.66) 
(2.  4.67) 
(2.  4.68)  . 
(2.  4.  69) 


D*r*-~  CV-CDe-C^^LOM)  e^dCtn /a) 

5-‘ t- <’•«.«, 


D,_*A.SfcCp) 


-  _p«x: 

D*  D«  ■p”'  n  IT 


(2.  4.71) 
(2.  4.72) 


and  hence  finally  using  (a),  (b),  and  (c)  in  the  previous  footnote 


D«  n*'  [r(n)n  l-nl]*  D.n«"  tt» 


(2.  4. 73) 


Comparison  of  (2.  4.  51)  and  (2.  4. 73)  lead,  to  a  .imple  relation  between  the  distri. 
bution  functions,  namely 


HW L'G «)*  =  p  Shfn 9 

D»  "  ** 


u*ing  (2.  4. 14), 


(2.  4.  74) 
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It  is  reiterated  that  the  preceeding  relations,  (2. 4. 61)  to  (2.  4. 74)  are  valid 
only  in  the  transition  region.  Finally  it  is  to  be  noted  that,  in  this  region,  both 
distribution  functions  are  directly  proportional  to  the  associated  relaxation  and 
creep  data,  at  the  corresponding  relaxation  and  retardation  times.  Thus  the  creep 
curve  traces  out,  as  it  were,  the  retardation  spectrum.  And  similarly  the  relax¬ 
ation  curve  traces  out  the  relaxation  spectrum. 


Turning  now  to  relations  governing  the  complex  moduli,  (see  Section  2.  3. 


3) 


we  have 
/ 


g  - 

Ef 


sin 


> 


(2.  4.75) 


The  middle  term  of  (2. 4.  75)  contains  the  factor  Bx(p»  1-p),  the  incomplete  Beta 
function,  which  very  rapidly  becomes  approximated  by  the  complete  Beta  function: 


(2.  4.76) 


Based  on  the  observation  that  plots  of  relaxation  moduli  versus  time  and  the  real 
part  of  dynamic  modulus  versus  frequency  are  practically  superimposeable,  one 
can  equate  Erel  *  E: 

*  «£_ 


ro+YO 


which  gives 


wt=[-|-Sir.2gr-r(«)] 
Note  that  for  n  a  1,  Wt  a  2/w 


% 

nr 


(2.  4.  77) 

(2.  4.  78) 


n  ■  X,  W t  a  Ht  > 

.  V  a  0.  637 

n  •  i,  ut  a  2/s  j 


n  a  0,  u)t  a  e”**  a  0.  560 

so  that  (cf.  Figure  2.  17),  in  general,  u}  t  is  well  approximated  by  a  value  of  0.6. 
The  imaginary  part  of  dynamic  modulus  is  calculated  to  be 


which  leads  to  another  simple  relation 
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Tan 
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(2.  4. 80) 


An  alternate  way  of  guaranteeing  normalization  of  the  power-law  distribution 
without  introducing  an  artificial  cutoff  at  ?m  is  by  multiplying  in  an  exponential 
whose  argument  is  approximately  zero  in  the  transition  region.  Thus  (2.4.51)  is 
arbitrarily  changed  to  ^ 

H IT)  =  C f  "e~  T  S  C,uV  (2  4  8l) 

where  the  constant  of  proportionality,  now  over  the  entire  time  range,  is  determined 
from  (2.  4.  3)  as 

< 

leading  therefore  to  ' 
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(2.  4.  82) 


W(T): 
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(2.4.83) 


This  function,  compared  with  others  in  Figure  2. 18,  has 'first  of  all  some  very 
interesting  analytical  properties.  The  mean  reciprocal  relaxation  time  is  given  by 


<*>  =  dM  ®r(n)  (2.  4. 84) 

*4 

at  which  value  (<T>  ■  TCni)  the  maximum  of  the  curve  H(><  )  versus  M  occurs. 

Following  now  the  same  order  as  before,  we  calculate  the  associated  relax* 
ation  function  as* 


Er*f 


Hn) 


E  -+  Et~E* 

•  (1+x.t)" 


(2.  4.85) 


which  also  has  the  property  that  when  t /  *£  >  1,  it  generates  a  straight  line  in 
log-log  coordinates. 

As  before,  the  tensile  stress  during  a  constant  strain,  £  ■  Rt,  is  obtained 
by  integration 


e 


(2.  4.  86) 


*  A  similar  form  can  be  fit  to  compliance  data,  see  equation  4.  1.  3. 


The  last  item  is  the  relation  of  the  spectra,  H*(yu  )  to  L'  (m  ).  The 
Laplace  transform  of  (2.  4.  85)  fives 


•ps  =  E.+Cet-Eft)p’,ev  ro-n,  P) 


(2. 4.87) 


so  that 


S„tp)  =  l-  "P"eT  r  0-">  -p) 


A  complete  analytical  representation  of  (2.4.  88)  is  given  by 

,  -7  _ * 


S.ltf  =  I  -  erV  rC-n)  +  eT  p"E 


!  w+i-w 


=  t  -  e* p"  ro-n)  +  £  .XirJllP-. 
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(2.  4. 88) 


(2.  4.89) 


And  for  large  p,  the  asymptotic  expansion  becomes 


s„(p)  * 


Z  r.^r^r  - h  oOpD  ,  -p-  - 

rcnu-p)  -^l<argp<^.  <2-4* 


M«  l|  2|  *  •  •  • 

Making  use  of  (2.  4.  15),  it  is  possible  to  evaluate  the  retardation  function: 

L/(  _ _ finV) _ 

j.-C-fOi.-HW-tn..  ♦£  (l.wv^f 

or  asymptotically, 

P  W'lX) 

[ !  -  C I»f  I  -  hW<*>  -1.  „'[«(*)]'  '2'4-,1M 


Figure  2.  19  compares  the  retardation  and  relaxation  functions  for  the  particular 
case  when  n  ■  0.  5  and  p  m  10  \  The  real  and  imaginary  parts  of  the  complex 
dynamic  modulus  are  obtained  by  letting  p  «  iu)  in  (2.  4.  87),  namely 


-1^  =  *>"  <**(“» + tf) ni-n)  -  £  r<i-")(-u>*r 


(2.  4. 92a) 
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(2.  4.  92b) 
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Tha  associated  asymptotic  expansions  are: 

e-e.  _ 

e"  _  y  r(g«4-n-n)i-0" 

a„~TO^i?r 


(2.4.93a) 

(2. 4. 93b) 


Figure  2. 20  is  a  Nyquist  diagram  which  shows  the  relation  between  the  magnitude 
and  phase  of  the  complex  modulus.  Note  that  for  low  frequency  (t0-*-o),  the  phase 
relation  is  given  by 


e'-e« 


=  ‘tan 
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(2.4.94) 


which  is  identical  with  (2.  4.  80)  for  the  cutoff  power  law  distribution. 


2.  4. 4  The  Cole  distribution  function. 


A  third  distribution  function  which  has  proved  useful  in  fitting  dynamic  data 
is  given  by 

U*  s  ■■  —  —  -  . . — —  ax  ■■■■———  - !  ■—  ■■ 

•^[zcos^+x'-t-x*"^  IT  ^cos^  •+•  cosh  njfcnpj  (2.4.95) 

Figure  18,  the  so-called  Cole  distribution  function^’ ^  is  compared  with  the 
smoothed  power  law  function.  Note  that  on  the  log  scale  the  Cole  function  is 
symmetrical  about  the  point  pel,  whereas  the  smoothed  power  law  parallels 
only  the  left-hand  branch  of  the  Cole.  Furthermore,  the  Cole  function  has  a 
maximum  at  p/po  «  1,  the  value  of  which  is  equal  to 

hV)|^=  <2. 4. 96) 


whereas  the  smoothed  function  has  a  maximum  at  p/uQ  s  n, 
equal  to 


hV>| 


n"®1 


Ms. 


the  value  of  which  is 
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(2.4.9  7) 


Note  that  for: 
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•o  that  the  Cole  distribution  always  peaks  at  a  lower  value  than  the  smoothed  power 
law  function. 

The  Cole  function  has  the  merit  of  casting  the  dynamic  modulus  into  a  rather 
simple  form,  rta».?ly: 


(2.  4. 98) 


Note  that  the  operation  involved  in  transducing  the  terminal  equality  of  (2.  4.98)  iff 
the  inverstion  of  a  Stieltje  transform  (cf.  (f),  earlier).  Figure  2.21  chows  tlv 
excellent  straight  line  obtained  in  the  rectification  of  dynamic  data  obtained  fc; 
glass-bead  filled  polyurethane  binders^2' 

The  associated  expressions  for  Erej»  Owens'  ^(’0*  and  ®crp  *nv°lve 

quadratures  which  cannot  be  reduced  to  simpler  analytical  representations.  Thus, 
also  the  Cole  distribution  provides  an  excellent  representation  of  dynamic  compli¬ 
ance  data,  although  it  does  not  lend  itself  to  generating  simple  associated  represen¬ 
tations.  For  this  reason,  more  attention  was  paid  to  the  more  tractable  smoothed 
power  law. 


2.5  Temperature-time  Shift  Phenomena. 

Up  to  this  point,  little  or  nothing  has  been  said  about  the  effect  of  tempera¬ 
ture  upon  viscoelastic  processes  represented  by  tensile,  creep,  relaxation,  and 
dynamic  data.  In  order  to  gain  insight  into  the  mechanism  by  which  temperature 
influences  viscous  processes,  let  us  examine  a  typical  creep  data  obtained  on  a 
polyurethane  binder  filled  with  60°/o  ammonium  perchlorate  (Figure  2.  22)»  in 
which  compliance  is  plotted  versus  time  on  log-log  coordinates  for  various  temper' 
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atures.  Note  that  the  individual  curves  suggest  that  a  displacement  along  the 
absicissa  in  the  appropriate  direction  will  bring  any  two  into  conjunction.  This  ia 
equivalent  to  stating  that  the  curves  obtained  at  the  higher  temperatures  can  he 
brought  into  conjunction  with  the  one  obtained  at  the  lowest  temperature  merely  by 
dividing  their  time  scales  by  a  set  of  fractional  numbers,  one  for  each  temperature. 
The  resulting  master  curve  is  shown  in  Figure  2.23,  The  associated  temperature 
dependence  of  this  shift  factor  for  each  curve,  according  to  itw  temperature,  is 
given  in  Figure  2.24. 

This  so-called  superposition  process  has  been  shown  tc  hold  for  many  types 
of  viscoelastic  data.  It  reveals  itself,  for  example,  in  the  dynamic  data  o £ 
Landel^*^  used  in  Figure  2.21.  It  was  first  used  by  Tobolsky  in  reducing  relax-' 
ation  data^*  and  since  then  has  been  used  by  many  authors,  notably  T.  L.  Smith, 
who  has  reduced  ultimate  stress  and  strain  data  from  GRS  rubber^*  *  *  V  Workers 
in  the  solid  propellant  field  have  also  applied  this  scheme  to  the  ultimate  stress  and 
strain  properties  of  various  propellants  and  Figures  2.25,  2.26.  and  2.2?  show  . 
such  typical  data  for  a  polyurethane,  a  polybutadiene-acrylic  acid,  and  a  plastisol 
binder,  respectively. 

The  fact  that  this  scheme  works  so  well  for 'polymeric  materials  suggests 
that  there  is  something  rather  simple  in  the  nature  of  flow  processes  of  polymer 
molecules.  It  was  first  shown  by  Leaderman^"'  that  the  solution  viscosity  at 
polymer  molecules  above  a  certain  minimum  chain  length  is  independent  of  chain 
length  and  dependent  only  on  temperature.  Secondly,  it  was  shown  V/  Rouse^"  * ^  . 
that  the  distribution  of  relaxation  times  governing  solution  viscosity  is  strictly  at 
function  of  chain  length  distribution.  Zimw^-  then  extended  these  statements 
to  bulk  viscosity.  It  follows  therefore  that  a  given  relaxation  time,  charac¬ 

teristic  of  any  one  element  on  a  mechanical  model,  or  of  the  ith  flow  segment  in  a 
polymer  chain,  must  depend  separately  on  temperature  and  on  chain  length 

Ti*  (2.5.1J 

where  we  shall  arbitrarily  associate  the  time  dimension  with  the  temperature 
dependent  factor. 

To  understand  the  implications  of  (2.  5. 1),  consider  the  expression  which 

represents  the  relaxation  of  a  discrete  model  in  uniaxial  tensica 

-X. 

Ti 


Efs.  =  E«+  £ 


(2.5.2a| 


After  introducing  (2.  5. 1),  we  have 


(2.5.2b) 


and,  neglecting  the  linear  dependence  of  the  spring  or  non-flow  iet.  *r,a  upon  the 
absolute  temperature,  it  becomes  immediately  obvious  that  there  will  be  no  change 
of  the  relaxation  modulus  with  temperature,  providing  that  the  physical  time,  t.  i* 
divided  by  a  temperature  dependent  shift  factor.  The  behavior  is  thus  reflected 
solely  in  a  reduced  time  parameter,  t/f(T).  This  example  illustrates  the  general 
principle  of  temperature-time  equivalence. 

At  this  point  there  is  some  arbitrariness  in  a  precise  specification  of  f(T), 
and  there  are  various  more  or  less  equivalent  ways  to  remove  it.  The  various 
curves,  each  at  a  constant  temperature,  may  be  shifted  so  as  to  coincide  with  any 
one  other  curve,  having  its  associated  temperature,  say  This  is  equivalent 

to  saying  that  after  the  curves  are  all  superimposed,  a  shift  bodily  one  way  or  the 
other  over  the  temperature  range  of  interest  (-60°F  to  +  160°F)  does  not  affect  their 
superposing  into  the  same  curve.  Furthermore,  one  may  proceed  to  divide  ths 
physical  time  by  the  arbitrarily  selected  shift  factors  to  obtain  the  reduced  time 
plot  versus  t/f(T)»  anticipated  from  (2.  5.  2  ).  Depending  now  upon  how  the  scale  of 
the  abscissae  is  fixed,  one  can  obtain  different  characterizations  of  the  reduced  time 
parameter  which  affects  the  convenience  of  data  presentation. 

One  such  convenient  representation  stems  from  Tobolsky’s^2'  suggestion 
that  a  good  analytical  representation  of  relaxation  data  may  be  obtained  using  the 
fact  that  a  plot  on  probability  paper  of 

lo^Ee  ,  + 
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yields  the  straight  line 
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(2.  5.  3a) 


where  K(T)  is  taken  to  be  that  value  of  f(T)  at  which  t/f(T)  equals  unity.  The  value 
of  h  is  the  reciprocal  of  YT'  times  the  standard  deviation  and  for  most  polymers  is 
of  the  order  of  0.  4.  With  this  provision,  t/K(T)  •  1  corresponds  to  the  inflection  in 
the  relaxation  curve  at  which  point 


lo^Eret-Io^e,  I 

lo<jEc-  lo^EL, 
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(2.  5.  3b) 


In  other  words,  at  the  inflection  point  the  relaxation  modulus  assumes  its  geometric 
mean  value 
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(2.5.4) 


Tobolsky  has  furthermore  shown  that  at  this  particular  value  the  shift  factor  where 
t/f(T)  a  1,  the  curve  of  K(T)  versus  T  has  an  inflection  point  which  he  specified  as 
the  distinctive  temperature  T^-  This  particular  value  of  T^  and  K(T^)xK^  it  of  no 
immediate  interest  to  stress  analysts,  but  does  have  some  meaning  to  rheologists 
interested  in  polymer  mechanics.  As  a  point  of  fact,  however,  Tg  is  usually  not 
more  than  10°F  above  the  glass  transition  temperature.  Nevertheless,  it  develops 
that  the  portion  of  the  shift  factor  curve  which  does  concern  engineering  analysis, 
generally  at  temperatures  above  T^,  can  be  well  approximated  by  (Figure  2.28  ) 


UCL "I*  (T~T-> 
*  *s  loo  +  T-Ta 


(2.5.5) 


where  T  is  expressed  in  degrees  Fahrenheit.  For  example,  T^  —  “80OF  for  an 
unfilled  polyurethane  binder  and  —  0°F  for  one  type  of  polyurethane  propellant. 
The  shift  factor  for  most  polymeric  materials  is  K^ac  2  minutes. 

A  second  convenient  representation  scheme  for  reducing  data^2'*^  casts 
the  shift  factor  f(T)-»  aT  in  terms  of  a  temperature,  T^,  which  is  arbitrarily  fixed 
at  50°C  above  the  glass  transition  temperature.  In  this  way  one  arrives  at  another 
near  universal  temperature  dependence  for  most  polymers, 

t  *  ,  -a.BfeiT-T,) 

io<i  3t  »Ot.©+  T-T.  (2' 5* i}' 


(2.  5.  6) 


where  T  is  expressed  in  degrees  Centigrade.  The  use  of  this  shift  factor  tends  to 
place  the  glassy  behavior  of  the  relaxation  modulus  at  unit  reduced  time  scale 
t/a^  a  1,  whereas  the  Tobolsky  scheme  places  unit  reduced  time,  t/K(T)=l,  in  the 
transition  region. 

Returning  now  for  a  moment  to  the  relaxation  data,  we  may  now  proceed  to 
identify  the  arbitrary  constant,  ju  in  the  power  law  representation  of  the  data.  VTe 
.1(2.4.85) 


Er,u—  -* 

— - -  = 


(2.  5.7) 


where  it  is  now  evident  that  it  can  be  associated  with  a  temperature  shift  factor, 
M a  *  l/f(T)*  Now  near  the  center  of  the  transition  region  where  E#« 
we  have  the  approximation 


Er.L=  E,  (M.ty 


(2. 5.8) 


On  ?V.s  other  hand,  when  the  argument  of  the  error  function  in  (2.  5.  3  )  is  near  unity, 
which  implies  1/30  <  K  <  30,  we  have  the  approximation 

le^Ew,-8o?E«  ,r  2{|  _tJ 
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and  thui 
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A  comparison  of  (2.  5.  8)  and  (2.  5.  9)  indicates  that  the  log-log  slope  similarity 
requires 


_  _  |  E« 

11 


and  for  t-s-K,  the  relaxation  moduli  will  be  the  same  if 


(2.  5. 10) 


(2.5.11) 

which  thus  specifically  identifies  the  heretofore  arbitrary  constant. 

Note  that  since  log  {E^/E^)  is  approximately  three  for  most  unfilled  poly¬ 
meric  materials,  it  follows  from  (2.  5.  10)  and  h  =  0.4  that  n=c0.7,  whereas  in 
filled  materials  log  (E^/Ee)  —  2,  then  n  =s  0.  5.  These  values  have  been  generally 
substantiated. 

In  conclusion,  it  may  be  remarked  that  the  existence  of  a  temperature-time 

shift  correlation  is  important  in  making  an  engineering  analysis.  Under  certain 

conditions  to  be  discussed  more  fully  in  the  following  section,  it  is  possible  to  make 

some  progress  in  answering  the  question:  At  what  temperatures  and  loading  times 

will  it  be  sufficiently  accurate  to  treat  the  propellant  material  as  essentially  elastic, 

allowing  possibly  for  a  linear  variation  of  the  spring  or  non-flow  elastic  glassy  or 

rubbery  moduli  with  temperature,  and  when  must  the  full  viscoelastic  analysis  be 

employed.  This  problem  becomes  particularly  difficult  when  combined  heat  flow 

rates  and  mechanical  loading  rates  result  in  strain  rates  failing  within  the  transition 
region. 
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2.6  Mechanical  Property  Determination 

We  shell  discuss  in  this  section  what  might  be  called  the  minimum  amount 
of  information  needed  to  calculate  viscoelastic  stresses  and  strains  in  complex 
geometries,  for  which  the  temperature  is  spacewisc  and  timewise  constant.  First* 
the  minimum  test  requirements  will  be  reviewed,  and  then  w*  shall  show  how  data 
obtained  from  these  tests  can  be  used  to  determine  mod.:l  parameters*  i.  e.  the 
constants  in  the  operational  moduli  or  compliances.  The  previous  Section  2.  4  dealt 
with  the  problem  of  determining  operator  equations  which  represent  actual  material* 
response  quite  accurately, over  the  entire  time  or  frequency  scale  through  the  use 
of  distribution  functions.  However,  we  shall  restrict  outselves  here  to  simple  finite 
element  models  which  are  capable  of  representing  actual  behavior  over  only  a  limited 
time  or  frequency  scale.  It  will  be  shown  later  in  the  Engineering  Analysis,  Section 
3.  2,  that  the  stress  analysis  is  often  greatly  simplified  if  it  is  possible  to  use  an 
approximate  model  with  only  a  few  elements— usually  no  more  than  four  or  five. 

These  models  will  probably  be  sufficient  for  calculation  of  strains  induced  by  ignition 
pressures;  however,  it  is  not  clear  at  the  present  time  that  they  are  adequate  for 
the  long-time  environmental  slump  problem.  Indeed,  with  the  inclusion  of  temperature 
variations,  the  complete  distribution  function  may  be  needed  (or  some  other  equi- 
valent  method  of  representing  the  stress-strain  behavior  over  the  entire  time  scale* 
such  as  using  convolution  type  integrals  with  relaxation  moduli^’  At  this  stage, 

however,  convenient  analysis  techniques  have  not  been  developed  which  can  be  applied 
to  this  long-time  thermal  problem.  Therefore,  model  fitting  methods  will  be  dis¬ 
cussed  here  which  are  directly  applicable  to  the  short-time  ignition  problem. 

2.  6. 1  Minimum  test  requirements 

The  determination  of  mechanical  properties  for  standard  engineering  metals 
ha*  been  reduced  to  more  cr  less  of  a  standard  procedure  where  reference  may  be 
made  to  various  publications  of  the  American  Society  for  Testing  Materials  (ASTM). 
Without  attempting  to  infer  that  these  tests  are  always  simple,  common  usage  has  . 
caused  them  to  become  well  known  and  standardised.  It  is  customary  to  determine 
the  Young's  modulus  from  the  slope  pf  the  stress- strain  curve  and  Poisson’s  ratio 
by  orthogonal  strain  gage  measurements  on  a  tensile  specimen.  Viscoelastic 
materials,  and  rubbers  in  particular,  are  characterised  by  relative- softness  and 
large  extensions  before  fracture.  In  the  first  place,  normal  strain  measuring  devices 
such  as  wire  resistance  gages  and  mechanical  extensometers  do  not  work.  Second, 
the  large  extensions  also  usually  exceed  the  range  of  common  indicators.  For  this 
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r  tar  on,  optical  tracking  of  bench  marks  or  crystals  and  the  use  of  birefringent 
coatings  has  frequently  been  employed,  although  data  reduption  and  analysis  is 
further  complicated  by  the  necessity  to  accumulate  time  histories  of  the  stress  and 
strain. 

For  these  and  other  rer-  ions  the  customary  test  used  in  deducing  propellant 
properties  is  a  uniaxial  tensile  specimen  stretched  in  a  controlled  displacement 
machine  which  simultaneously  records  the  applied  force.  The  standardized  specimen 
is  shown  in  Figure  2.  29.  From  these  remarks  it  is  seen  that  the  basic  data  is  thus 
force  and  displacement.  The  former  can  be  easily  converted  to  stress  by  dividing 
by  initial  cross  sectional  area,  AqI  for  small  strains  or  the  local  area.  A,  if  the 
strains  are  large,  providing  the  Poisson's  ratio  is  known.  In  the  case  of  uniaxial 
tensile  specimens,  the  transverse  strains,  €  ■  6  t  *  V6  ,  can  be  used  to 

x  y  2  *  2 

compute  the  local  cross  sectional  area  as  A  ■  A  (1+  €  )  *  A  (1-V6  )  ,  from 

O  X  o  zw 

which  the  true  stress,  ?  ,  becomes 

_ _ P  cr 

~  A.o-ve,F  *  o-  ve,? 

For  most  propellants,  it  is  often  permissible  to  assume  incompressibility  (  if 
in  which  the  true  stress  for  non-infinitesimal  strains  becomes 

a  ~  (I-  =  7^6*  S  *  l, 0 r\E 

where  the  definition  of  extension  ratio  X  *  1  +  <5  has  been  used. 

The  determination  of  the  local  strain  corresponding  to  the  calculated  stress 
however  is  another  matter  in  the  absence  of  direct  measurement.  If  the  elongation 
measured  during  the  test  is  divided  by  the  nominal  gage  length  of  two  inches  (see 
Figure  2.29],  a  poor  determination  of  strain  is  deduced  because  it  has  been  found 
tha  'here  is  a  flow  of  material  in  from  the  jaw  area  which  tends  to  increase  the  gage 
lei  3  an  effective  length  of  approximately  2.7  inches.  In  addition,  there  is  tue 
viscous  deformations  contributed  by  the  flow  near  the  jaws  which  tends  to  confuse 
the  accuracy.  Some  recent  work  incorporating  square  flat  ended  specimens  bonded 
to  metal  plates  has  been  reported^’  which  may  tend  to  eliminate  much  of  the 
effective  gage  length  controversy,  providing  satisfactory  bonds  can  be  made  for  all 
the  propellants  of  interest. 

For  the  time  being  however,  unfortunate  as  it  may  be,  the  analyst  will 
generally  have  at  his  disposal  only  force-displacement  data  to  work  with,  from 
which  a  nominal  or  true  stress-strain  curve  is  deduced.  Of  course,  when  more 
accurate  data  becomes  available,  it  should  be  utilized  for  determining  the  mechanical 
properties. 


One  other  preliminary  point  must  be  covered.  It  has  been  mentioned  that  the 
various  operator  equations,  with  certain  physical  restrictions,  may  be  used  to 
represent  either  bulk  (dilitation)  or  shear  (distortion)  behavior.  As  a  practical 
matter,  at  the  present  state  of  the  art,  it  is  usually  sufficient  to  assume  the  pro* 
pellant  to  be  incompressible,  or  at  most  elastic.  In  either  case,  whether  the  bulk 
modulus  "K  *♦  oo  or  K  is  finite,  the  dilitation  behavior  is  non- viscoelastic  by  as* 
sumption.  Hence,  only  the  determination  of  a  viscoelastic  operator  in  distortion, 

M  (p)  (or  it*  inverse  J(p)),  or  in  simple  tension,  E(p)  (or  its  inverse  D(p)}  is 
required,  along  with  perhaps  measuring  the  elastic  bulk  modulus.  If  this  assumption 
is  adopted,  any  test  which  yields  M  (p)  or  E(p),  will  suffice.  In  particular,  if 
K  -*■  oo  or  is  even  large  compared  to  the  shear  modulus,  (2.2.  9)  indicates  that 
M{ P)  *  E(p)/3  so  that  the  tensile  test  is  sufficient  to  deduce  the  desired  properties. 

By  way  of  review,  then,  the  present  minimum  requirements  call  for: 

1.  Measuring  an  e'tstic  bulk  modulus,  or  assuming 
incompressibility  (K  *  oo);  and 

2.  Measuring  the  uniaxial  viscoelastic  tensile  modulus, 

using  the  best  available  stress-strain  measurements 
in  order  to  determine  the  shear  characteristics  of  the 
propellant.  .  „ 

Even  though  the  simple  relaxation  test  is  the  one  most  commonly  used,  data 
obtained  from  this  teat  is  not  necessarily  the  easiest  to  use  for  model  fitting  and 
stress  analysis.  But  the  data  which  often  fits  most  naturally  into  well-established 
techniques,  and  is  most  accurate  with  small  strains,  is  procured  from  dynamic 
tests*:  namely,  measurement  of  displacement  (or  load)  when  a  steady-state  sinusoidal 
load  (or  displacement)  is  applied  to  a  specimen  in  simple  tension  or  shea7.  We  shall 
not  consider  the  details  of  this  test,  or  others,  since  comprehensive  presentations  of 
viscoelastic  testing  methods  can  be  found  in  the  literature,  especially  reference  (2. 18). 
However,  if  one  does  not  have  dynamic  data  available,  it  is  possible,  in  principle,  to 
calculate  the  dynamic  modulus  or  compliance  from  ->ther  tests  by  using  the  appropriate 
expressions  given  in  Section  2.4.  This  procedure  will  probably  yield  less  accurate 
results  than  obtained  through  direct  dynamic  measurement,  but  the  advantages  of 
Eourier  analysis  methods  which  can  be  used  with  dynamic  data  may  be  sufficient  to 
warrant  this  data  conversion. 

*  It  will  be  seen  later  in  this  section  that  a  simple  graphical  scheme  can  be  used 
with  dynamic  data  to  determine  the  parameters  in  a  four-element  model.  Also  in 
Section  3,  U  will  be  shown  that  dynamic  data  can  be  used  directly  in  the  Fourier 
inversion  integral  to  calculate  strains  and  stresses,  wherein  rsither  an  analytical 
representation  of  the  data  nor  models  are  needed. 
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We  shall  now  consider  some  specific  methods  that  can  be  used  to  determine 
the  spring  and  dashpot  constants  in  simple  models  from  relaxation  and  dynamic  data. 


2. 6. 2  Fitting  simple  models  to  relaxation  data. 

As  we  shall  presently  show,  the  response  of  simple  models  can  be  made  to 
agree  closely  with  experimental  data  only  over  a  very  limited  portion  of  the  time 
scale,  so  that  it  is  necessary  to  first  specify  this  time  interval.  This  is  dictated 
by  the  loading  time  history  (and  the  temperature  of  the  body)  assigned  to  the 
particular  stress  analysis  problem.  For  example,  if  it  is  desired  to  determine  a 
model  for  the  calculation  of  stresses  in  a  grain  induced  by  ignition  pressures,  then  ' 
one  would  assume  a  time,  say  t^,  beyond  which  failure  is  not  expected.  Model 
parameters  would  then  be  found  by  curve  fitting  model  relaxation  response  (or  creep 
response)  to  experimental  values  over  the  time  interval,  0  ^  t  $  t|*. 

*  The  material  in  a  pressurized  grain  is  not  strained  step-wise  in  time,  but 
generally  has  a  strain-time  history  which  is  not  only  quite  different  from  that  realized 
in  a  relaxation  test,  but  also  it  varies  from  point  to  point  in  the  grain;  hence,  it  is 
not  obvious  that  a  good  fit  of  model  relaxation  behavior  for  0  £  t  £  t,  implies  a  good 
approximation  to  ignition  response  for  the  same  time  interval.  However,  that  it 
does,  follows  from  the  fact  that  stress  response  to  arbitrary  straining  can  be  written 
in  terms  of  an  integral  of  the  relaxation  modulus.  This  representation  can  be 
derived  very  easily  with  transform  theory.  Assuming  zero  initial  conditions,  the 
transformed  stress- strain  law  is 

=  Tn(p)<£(1>)  (i) 


which  car.  also  be  written  in  terms  of  the  transformed  relaxation  modulus 
ffire  l<p)*m(pVP» 


(b) 


This  is  inverted  for  arbitrary  straining  by  using  the  well-known  convolution  theorem, 
which  yields 


(c) 

This  is  also  known  as  the  Duhamel  representation  of  the  viscoelastic  stress-strain 
law.  It  is  clear  from  (c)  that  knowledge  of  the  relaxation  modulus  for  0  ^  t  Sk  t^ 
completely  specifies  the  stress-strain  behavior  over  the  same  time  interval. 


As  a  simple  example,  let  us  now  fit  a  two-element  Maxwell  model  (Figure 

2. 6)  over  an  interval  0  <  t  ( t^.  by  matching  its  tensile  relaxation  modulus  to 

experimental  values  E(t}  at  two  intermediate  times,  t^  and  The  two-parameter 

system  with  material  constants  £_  and  T  yields 

m  m 


E(t,)* 


(2. 6. 1) 


E  (t*)  5  E,w 


(2.6.2) 


from  which  it  is  easy  to  calculate  that 

(2.6.3) 

=a 

E,  exp  [t,  im  C-|^/(t,-t,^i]  (2- 6*  4> 

so  that  the  tensile  stress-strain  relation  becomes 


1 _ fd(Kt), 

^'[’MaAvalR^v.,  wl' 


d6(t) 

dt 


and  the  operational  Young's  modulus  is 


E(p)= 


E,  e*p[ti  (1  ^)/( ~t» P 


(2.  6. 5a) 


(2. 6. 5b) 


[p  + 

If  the  range  0  to  is  excessive,  the  fit  will  not  be  good  and  additional  elements 


must  be  added. 


This  collocation  procedure  is  straightforward,  but  rapidly  becomes  alge¬ 
braically  complicated  with  an  increasing  number  of  elements  because  of  the  transcen¬ 
dental  character  of  the  simultaneous  equations.  Other  procedures  could  be  used, 
such  as  minimizing  the  square  error  between  model  and  experimental  relaxation 
moduli,  but  one  still  has  to  solve  transcendental  equations  to  determine  the  parameters. 
Nevertheless,  in  order  to  illustrate  the  difference  between  simple  model  response 
and  experimental  data,  and  to  show  the  effect  of  adding  elements,  we  shall  compare 
the  relaxation  moduli  of  three  and  five  element  models  to  experimental  data  (repre¬ 
sented  analytically  by  means  of  the  distribution  function  for  the  Wiechert  model). 

The  material  used  is  polyisobutylene  (PIB)  whose  relaxation  spectrum  in  tension  can 
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be  represented  quite  well  by  &  modified  power  law  fer  the  glass -to- rubber 


transition  region 


(2- 19), 


(2. 6.6) 


where  n  a  0. 68,  and  Tp  is  a  known  reference  constant.  The  relaxation  modulus 


corresponding  to  this  distribution  function  is  (see  equation  2.4.83) 


=r.L  Jtl  =  E«+ 


(2. 6.7) 


The  relaxation  modulus  for  the  three-element  model  is,  from  Figure  2.7- 

E»+  (E(  -  E*)  e  ^  (2.6.8) 


and  for  the  five  element.  Figure  2.  8,  is 


ee  +  Ele"^+ 


(2. 6.9) 


The  comparison  shown  in  Figure  2.  30  is  presented  assuming  that  the  glassy 

modulus,  E  ,  is  the  same  for  all  the  models,  and  further  that  E  «  E  .  This 
8  ®  t 

latter  assumption  allows  us  to  neglect  Ee/E^  in  the  foregoing  expressions  as  long 

as  we  consid-r  only  the  short  time  response.  The  arbitrary  parameters  of  the 

three  and  fi  -nent  models  (which  are  reduced  to  two  and  four  element  models 

by  neglecting  £  /E  )  were  chosen  in  order  to  fit  the  polyisobutylene  modulus  for 
e  £ 

0  t/fo  4  10.  The  particular  values  used  are 


T.  *  E* 


r  —  0.25 


(2.  6. 10) 


*  Polyisobutylene  is  uncross-linked,  so  that  it  does  not  have  a  true  equilibrium 
modulus.  However,  molecular  entanglements  provide  an  apparent  equilibrium 
modulus  which  maintains  a  relatively  constant  stress  for  some  time  after  the  stress 
has  relaxed  from  its  initial  glassy  value.  But  after  a  sufficient  amount  of  time 
elapses  (this  time  depends  on  the  molecular  weight)  the  stress  again  falls  off  and 
approaches  zero.  Thus,  the  value  E  in  (2.  6.  6)  represents  this  apparent  equilibrium 
modulus.  But  we  shall  later  neglect  %  when  fitting  models  to  the  very  short  time 
relaxation  modulus  since  E_/E_«  1.  e 
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St ressea  in  a  constant  strain  rate  teat  are  also  compared  in  Figure  2.  30. 
The  pertinent  equations,  obtained  from  Figures  2.9,  2. 7d,  and  2.  8d  ares 


Wiechert: 


RE^Ti  fi-l 


+  iilH 


•-» 


I-P 


Three  element 
Five  element 


(2.6.11) 
(2.  6. 12) 


:  tX-  *k) «*•  151 


The  comparison  clearly  shows  that  a  few  elements  are  insufficient  to  describe  the 
behavior  of  FIB  over  a  broad  time  scale:  such  a  conclusion  has  also  been  found  to 
apply  to  propellants. 

Now  that  the  model  parameters  (2.  6. 10)  are  specified,  we  are  in  a  position 
tc  make  a  viscoelastic  stress  analysis  by  using  the  operational  modulus  of  either 
the  two  or  four  element  models  (we  have  neglected  for  short  time  response). 

If  it  has  been  determined  that  it  is  necessary  to  take  t^  *  10  T  »  for  example,  then 
four  elements  will  probably  suffice;  if  the  stress  analysis  is  made  using  only  the 
Maxwell  model,  large  errors  may  be  introduced  in  the  solution  due  to  the  poor  fit 
shown  in  Figure  2.  30.  On  the  other  hand,  if  we  take  t^  a  20  Te»  then  it  is  not  clear 
that  even  four  elements  are  enough  to  obtain  a  reasonably  accurate  solution.  In 
view  of  this  uncertainty  regarding  the  error,  as  well  as  not  knowing  a  priori  which 
portions  of  the  relaxation  curve  should  be  weighted  most  heavily  in  fitting  the  models, 
we  will  present  another  method  which  does  not  contain  these  shortcomings,  and 
which  makes  use  of  the  more  accurate  dynamic  data. 


2.  6.  3  Fitting  simple  models  to  dynamic  data. 

Spectral  analysis  of  the  loading.  -  A  method  employing  the  complex  frequency 
dependent  moduli  or  compliances  has  been  proposed  by  Lee^‘  for  fitting  the  data, 
which  we  shall  illustrate  by  applying  it  to  the  grain  ignition  problem.  As  the 
response  of  finite-element  modelscan  be  made  to  correspond  approximately  to  actual 
behavior  only  over  a  narrow  frequency  band,  it  is  first  necessary  to  determine  the 
range  of  interest  by  making  a  Fourier  analysis  of  the  loading  function.  The  example 
will  eventually  be  carried  through  to  the  calculation  of  strains  in  a  pressurised  case* 
bonded  grain.  At  this  point,  however,  only  the  characteristics  of  the  pressure 
loading  need  be  defined;  the  geometry  will  not  enter  in  until  after  model  parameters 
are  calculated. 
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A  pressure  pulse  is  transient  rather  than  periodic  so  that  it  cannot  b* 
represented  exactly  by  a  series  of  discrete  frequency  components;  rather  it  must 
be  given  by  a  Fourier  integral  in  which  frequency  is  a  continuous  variable.  Never¬ 
theless,  for  practical  purposes,  it  is  sufficient  to  consider  the  grain  to  be  loaded 
by  periodic  pulses  spaced  far  enough  apart  that  most  of  the  strain  introduced  by  ons 
pulse  relaxes  out  before  the  next  one  is  applied.  Clearly,  then,  the  response  to 
each  of  the  widely  separated  pulses  is  very  nearly  the  same  as  for  the  transient 
load.  Consequently  the  important  frequencies  in  %  transient  pulse  can  be  determined 
if  we  consider  not  only  the  time  scale  of  interest  in  regard  to  the  possibility  of 
mechanical  failure,  but  also  the  viscous  properties  of  the  propellant. 

For  our  example,  it  will  be  assumed  that  pressure  p^(t)  increases  linearly 
with  time  from  p.  a  0  to  p.  ■  pQ  at  t  ■  tj,  and  then  remains  constant.  In  addition 
we  will  assume  that  from  the  standpoint  of  failure,  response  only  up  to  t  a  3tj» 
need  be  considered.  Thus,  the  periodic'  function  shown  in  Figure  2.  31  will  be  used 
in  the  analysis.  Symmetrical  waves  are  indicated  since  they  lead  to  a  simpler  series 
than  obtained  if  the  pressure  is  removed  instantaneously.  The  number  of  terms 
required  to  represent  the  function  sufficiently  well  by  a  finite  Fourier  series  will 
now  be  found.  We  have  chosen  the  ratio  of  root  mean  square  error  between  the 
series  *m(t)  and  the  exact  function  p^t)  to  the  pressure  averaged  over  its  time  of 

application  as  a  criterion  of  accuracy.  This  is  indicated  by  of  in  the  figure. 

^  #2  211* 

o !m  can  be  calculated  quite  readily  as  a  function  of  tj/T^and  m  by  the  relation1  * 

-t\  [p;«) -  Swtt)]*dt  =4-\  P*(t)dt  - Tf, a"  <2-  6- 14) 


where  a  are  the  Fourier  coefficients  in  the  cosine  series 
n 


where 


s.<t)=Z  a*  cos  —Tn^.X. 

»-i,V 

a  =  *P*Tf'  s5n  Sin  3™2l 

it*  t,  n*  Tr  t* 


From  symmetry,  (2.  6.  14)  can  be  written  as 

•vf s-mT^  -  -  ij,!* 

yielding  for  ol 


.*  —  256 


(2.  6. 15) 

(2.6.16) 


which  is  plotted  in  Figure  2.  31. 
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We  now  choose  the  value  of  t^/Tj-  such  that  the  time  between  the  end  of  one 
pulse  and  the  start  of  the  next  is  twice  the  total  length  of  a  single  pulse  (4tj). 
Subsequently,  when  the  solution  to  the  strain  analysis  problem  is  obtained,  a  check 
must  be  made  to  see  if  the  time  between  pulses  (8tj)  is  sufficient  for  most  of  the 
strain  to  relax  out.  Thus,  we  take 


br 


4-t,+  St,=  12*. 

*•  » 


24 


In  addition,  we  assume  that  when  0.05  the  function  is  given  accurately 

enough  by  a  finite  series  terminating  with  n  «  m.  From  Figure  2.  31,  we  take 
m  e  13.  The  lowest  frequency  (f)  in  the  series  is  f  a  l/T^,,  the  highest  is  f  a  13/1^ 
In  terms  of  tj 


24t,  T  *  24 1 1 


(2.  6. 17a) 


A  typical  value  of  0.  01  seconds  will  be  used  for  tj,  so  that 

A  ep*.  $  4  &  5*«  cpe.  17b) 

Graphical  determination  of  model  parameters,  -  In  view  of  the  present  lack 

of  appropriate  data  on  propellants,  the  analysis  will  be  carried  out  using  the  dynamic 

(2  Q) 

shear  data  in  Figure  2.  32,  which  was  obtained  by  Lar.de  1'  ‘  '  and  is  for  NBS 
polyisobutylene  (PIB)  filled  with  36.  7°/o  (vol.)  glass  beads.  ..This  idealized  filled 
material  exhibits  the  same  qualitative  behavior  as  a  typical -composite  propellant, 
so  that  the  results  should  be  very  useful  in  evaluating  the  model  fitting  technique 
when  applied  to  propellants. 

The  complex  compliance  is  represented  in  Figure  2.  32  by  its  real  and 
imaginary  components  as  functions  of  reduced  frequency,  u)  is  the  frequency  in  terms 
of  radians  per  second,  while  a*^.  represents  the  temperature  shift  factor  which  is 
discussed  in  Section  2.  5*.  Thii  factor  is  defined  to  be  unity  at  12.  5°C,  so  that  tha 
master  curves  in  Figure  2.  32  give  the  actual  complex  compliance  frequency  de¬ 
pendence  when  the  material  is  at  12.  5°C.  If  the  material  is  at  temperatures  other 
than  this  value,  it  is  necessary  to  compute  the  corresponding  values  of  a*^.  in  order 
to  determine  the  frequency  dependence. 

*  The  shift  factor  is  now  designated  as  a*  ,  rather  than  aT,  since  the  temperature 
at  which  it  is  defined  to  be  unity  is  not  theatandard  reference  temperature(T  »-23°C 
for  PIB  with  36.  7°/o  filler).  This  different  normalization  was  used  because  tne 
original  data  was  given  at  12.  5°C-  The  two  shift  factors  are  proportional  to  each 
other,  with  the  relation  being: 

/  a-r(T) 

T~  aT02-5*> 


-55- 


For  our  example,  it  is  desirable  to  choose  the  temperature  such  that  FIB 
responds  to  pressure  with  a  large  time  effect.  It  was  found  that  a  temperature  at 
-35°F  (a'^,  ■  10*)  gives  the  desired  result  if  tj  «  0.01  seconds.  (With  a  highly 
filled  propellant,  the  time  effect  is  often  quite  significant  at  temperatures  on  the 
order  of  +40°F  due  to  the  compactness  of  the  filler). 

The  frequency  shift,  being  exponential  in  temperature,  is  much  more 
important  than  the  linear  shift  in  the  ordinate  indicated  in  reference  2.  9j  so  for 
simplicity  we  will  consider  only  the  effect  of  temperature  on  the  frequency  scale 
given  by  a'^..  This  allows  us  to  use  the  master  curve  drawn  at  12.  5°C  directly 
for  -35°F  because 


Lo3  w  *  LoS  u)a'T-  Lo^  a'T=  Lo^  coa*-  4  (2- 6*  18) 

That  is,  by  subtracting  four  from  the  abscissa  values,  the  actual  compliance 
frequency  curve  is  obtained  for  use  in  the  example.  Since  frequency  on  the  master 
curve  is  in  terms  of  radians,  it  will  be  convenient  to  express  the  frequency  range 
given  in  (2.  6. 17)  in  terms  of  CO  ■  2«f: 


or 


*•  4  4s  Loi|  to  ^  2.6 


54  $  L.o<|  coa^e.s  .  (2.6.19) 


Now  that  the  frequency  range  of  interest  and  temperature  are  specified,  the 
model  parameters  can  be  determined  using  a  method  described  by  Bland  and  Lee^' 

It  is  shown  in  their  paper  that  a  simple  graphical  scheme  may  be  used  if  the  model 
contains  no  more  than  four  elements;  i.e.  two  dashpots  and  two  springs.  Therefore 
we  will  use  the  four-element  model  in  Figure  2.  13a  and,  as  special  cases,  the  two- 
element  Voigt  and  Maxwell  models  in  Figure  2.  11.  It  should  be  remarked  that  the 
models  can  often  be  chosen  independently  of  whether  the  material  is  cross-linked 
or  uncross-linked.  It  will  be  recalled  that  an  uncress-linked  polymer  strains 
indefinitely  under  a  constant  load;  and  that,  in  principle,  this  should  be  accounted 
for  by  a  free  dashpot  such  as  in  Figure  2.  lib.  However,  when  the  freqv.  nr y  band 
does  not  include  CO  «  0  such  behavior  does  not  appear.  In  addition,  if  t'  it«.rial 
is  enclosed  in  a  case  under  constant  internal  pressure,  unlimitr  ..  .  prohibited 
due  to  the  presence  of  a  bulk  modulus  which  causes  the  strain  to  approach  a  definite 
limiting  value. 
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The  complex  compliance  of  the  fouv-elcment  model  is  obtained  from 


Figure  2. 13a;  however  shear  behavior  is  to  be  represented  by  the  model  so  we  let 
k  -«•  J  and  write  the  real  and  imaginary  components  as 


J*  + 


J, 


(2.6.20), 


U>7 


0)T,J, 

U}*T?+ 1 


(2.  6.2i) 


In  order  to  make  a  strain  analysis  of  a  case-bonded  grain,  it  is  usually  necessary  to 
know  two  different  moduli  or  compliances.  Thus,  in  addition  to  the  complex  shear 
compliance,  the  bulk  modulus  K  will  be  used.  A  reasonable  assumption  is  that  bulk 
response  is  elastic  so  that  K  is  constant.  A  typical  value  for  K  is  2  x  10^  psi  or 
13.  8  x  1010  dynes/cm^.  With  this  in  mind,  it  will  be  convenient  to  consider  the 
nondimensional  compliance  RJ*.  Defining 


4>'(C0)  =  Kj'(w)  ,  4>'(UJ) «  K  j'(U>) 

Bg-ssKJg  ,  B,=  KJi  i 

(2.  6. 22) 

the  compliances  (2.6.20)  and  (2.6.21)  become 

4>(W)=  B< 4  r 

(2.6.23) 

UJT,  u’ i;»+« 

(2.  6. 24) 

4*  and  can  be  combined  to  yield 

w  4>*(u))  =* 

(2.  6. 25) 

which  is  the  equation  of  a  straight  line  if  u)  $"(  u>  )  is  plotted  against  4*(  U)  ).  The 
slope  is  -1  f'Q  and  the  intercept  on  the  u)  $"(  U  )  axis  is(Bj  +  Bj,  +  •  Hence 

by  plotting  the  experimental  data  of  Figure  2.  32  using  u)  6"  *nd  6*  »•  coordinate', 
the  model  parameters  f,  and  E3j  +  Bj  +  Bg  >rc  determined  by  a  best  straight  line  fit 
in  the  previously  estimated  frequency  band.  This  is  done  in  Figure  2.  33,  and  the 
parameters  are  found  graphically  to  be 

T,=  0.925*10"*  Sec. 

Now  thatTj  is  known,  it  can  be  used  to  plot  experimental  values  of  6’  against 
( U)*T*  ■+  1)~*  *  H  »•  seen  from  equation  (2.  6.  23)  that  the  four  element  model  is 
again  represented  by  a  straight  line,  but  now  with  slope  B^  and  withBg  as  the  6' 
intercept.  Carrying  out  this,  we  find  from  Figure  2.  34  that  Bj  «  50,  Bg  »  6.  5, 
and  *  9.  S. 


5?. 


The  parameter*  in  the  two-element  model*  of  Figure  2.  11  will  now  be 
determined.  In  term*  of  shear  behavior,  the  complex  compliance  for  the  Voigt 
model  i*  given  by 

.  J* 

J  ^  ™  m*  t;  •+• 1  /»  a 


Defining 


, a.  u)*t»  Jy 

j  + 1 


4>'<urt  =  K  J  W  *  $'(w)  -  ,  By  *  K  Jy 


(2.  6.26) 
(2.  6. 27) 


(2.  6. 28) 


the  nondimensional  compliance*  for  the  Voigt  model  are 


ui*rr+T 


(2.  6.29) 


**(^3-  my*.  gy 
T  u)*r;+ 


(2.  6. 30) 


These  are  the  same  as  for  the  four-element  model  if  we  setB2  ■  B  »  0, 

By  »Bj,  and  Y,  «  T, .  Thus,  the  straight  line  equation  (2.  6.  25)  reduces  to 


0J  <p”(w)  =  $'(W)  + 

Mr  Lg 


(2.6.31) 


Bv  andf^  are  given  immediately  from  Figure  2.  33  a* 

Bv*s  €>fe  >  fy*  0.925*16"*  sec. 

Figure  2.  11  provides  us  with  the  complex  compliance  of  the  Maxwell  model. 


<$>  Iw)  *  B„ 


(2.  i.  32) 


<P\w)  * 


(2.  6. 33) 


where 


$'(<«>  =Kj'(w),  <t>'Cu»=Kj"(u»>  Bm~KJm  <2-6-34)  . 


Bm  and  B  are  determined  numerically  such  that  and  take  on  the  experimental 
values  approximately  half-way  between  the  frequency  limits,  indicated  in 
Figure  2.  33.  as 


B  *  30 


B~Woo  =  0.312*10**  Sec. 
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The  four  element  model  can  be  reduced  immediately  to  the  three  element 
model  in.  Figure  2.  12a  by  setting  ij  a  oo,  and  by  definition  this  requires  thatB2  *  ® 
in  equations  (2. 6. 23)  and  (2. 6.  24).  Jt  is  observed  that  with  three  elements 

and  further,  from  (2. 6.  23)  and  (2. 6.  24}  that  when  (  uft*  ♦!)■!, 

B,  -t-  Bg  w  66  =* 

Reference  to  Figure  2.  34  shows  that  a  straight  line  passing  through  4*  «  >6  at 
(  U>ST?  +  1)  a  1  fits  the  experimental  curve  best  if  the  intercept  is  aero.  This 
requires  a  0,  thereby  reducing  the  model  to  the  Voigt.  Thus,  four  elements 
must  be  used  to  obtain  a  better  fit  than  offered  by  two  which  justifies  omission  of 
the  three-element  model  in  the  strain  analysis  problem. 

The  nondimensional  compliances  and  f  are  plotted  in  Figure  2.  35  for 
all  three  models  and  compared  with  the  experimental  data.  In  addition,  ths 
compliances  for  the  four-ele?  ient  model  are  shown  in  Figure  2.  32  in  order  to 
clearly  illustrate  how  the  model  response  compares  with  the  entire  experimental 
master  curves.  It  is  interesting  to  note  that  both  and  $•*  for  four  elements  are 
reasonably  close  to  the  actual  response.  However,  with  the  Maxwell  model,  4* 
is  in  considerable  error,  while  4"  is  somewhat  better.  Conversely,  with  the  Voigt 
model,  4'  is  satisfactory  while  deviates  considerably  from  the  experimental 
values. 

In  Section  3.  2,  all  three  models  will  be  used  to  carry  out  a  strain  analysis 
of  a  case-bonded  grain  in  order  to  compare  their  respective  responses. 
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Fig.  2.32.  Master  Curves  far  Real  and  imaginary 
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S4.5°F  (12-  5  C).  (NBS  Polyi»obutylene). 
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3.  ENGINEERING  ANALYSIS 


Tbe  first  two  of  the  following  sections  are  devoted  to  the  problem  of 
calculating  viscoelastic  stresses  and  strains  in  complex  geometries  when  the 
material  behavior  is  known  through  the  representations  discussed  in  previous 
sections.  As  a  matter  of  background  information,  viscoelastic  stress  theory  is 
reviewed  for  the  case  of  mechanically  induced  stresses  and  strains  in  bodies  at  a 
uniform,  constant  temperature.  In  particular,  it  is  shown  how  elastic  solutions  can 
be  used  directly  in  the  viscoelastic  analysis.  This  method  of  using  an  "associated" 
elastic  solution  is  then  illustrated  with  some  examples  of  the  estimation  of  visco¬ 
elastic  strains  in  long,  hollow,  circular  cylinders  subjected  to  internal  pressur¬ 
ization.  Several  different  property  characterizations  are  used  to  compare  their 
advantages  or  disadvantages  in  obtaining  solutions.  Following  these  examples,  we 
show  how  viscoelastic  solutions  for  cylinders  with  circular  ports  maybe  extended 
to  include  the  more  common  star  configurations. 

A  collection  of  useful  elastic  solutions  are  then  given  which  can  be  extended 
to  viscoelasticity  by  use  of  the  association  analogy,  and  the  final  section  contains 
a  discussion  of  several  additional  grain  design  problems  of  current  interest. 

3. 1  Review  of  Viscoelastic  Theory 

The  equations  governing  the  mechanical  behavior  of  viscoelastic  bodies  in 
which  the  strains  are  small  are  the  three  equilibrium  equations  (1.2.  1);  six  strain 
displacement  relations  (1.  2.  2);- and  six  stress-strain  equations  that  are  similar  to 
the  well-known  ones  of  elastic  theory  (1. 2.  3),  but  with  differential  operators  in 
place  of  the  usual  elastic  constants.  Thus,  it  is  seen  that  the  only  difference  between 
the  governing  system  of  equations  of  linear  elasticity  and  linear  viscoelasticity  lies 
in  the  stress-strain  relations. 

The  form  of  these  relations  was  discussed  in  Section  2  for  the  simple  cases 
of  tensile,  shear,  and  bulk  deformation  of  isotropic  bodies.  In  addition,  it  was 
pointed  out  that  only  two  of  these  transfer  functions  relating  the  stress  and  strain 
are  independent.  The  way  in  which  these  two  enter  in  the  general  three-dimer-ional 
stress-strain  equations  is  purely  a  consequence  of  geometric  symmetry  of  isotropic 
bodies;  therefore  the  stress-strain  equations  of  elasticity  and  viscoelasticity  are 
identical  in  form,  but  with  any  two  of  the  viscoelastic  operators  £{p),  K(p),  or  M  (p) 
in  place  of  the  elastic  constants  E,  K,  or  M  •  The  viscoelastic  Poisson’s  ratio  is  • 
defined  by  a  ratio  of  the  more  basic  operators  through  equation  (2.  2.  10),  and 
generally  will  have  to  be  replaced  by  these  operators  when  solving  a  particular 
problem. 
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We  turn  now  to  a  discussion  of  a  convenient  method  of  solving  the  governing 
equations  of  viscoelasticity  for  a  wide  class  of  problems  of  practical  interest* 
which  was  suggested  by  Lee^'  The  equations  are  all  operated  on  with  the 
Laplace  transform  so  that  all  dependent  variables  become  functions  of  the  transform 
parameter,  p,  rather  than  time.  Assuming  zero  initial  conditions,  and  denoting 
transformed  variables  with  a  bar,  it  can  be  shown  that  we  obtain  the  transformed 
equations  by  simply  placing  a  bar  over  all  variables  in  equations  (1.  2. 1)  and  (1.2.2)* 
and  interpreting  the  time  derivatives  in  the  transfer  functions  E(p),  K(p),  M  (p) 
as  the  transform  parameter  p.  For  example,  the  equilibrium  equation  in  the 

x-direction  becomes  BO*  -3T..  -B?y-  _ 

+  +  +  (3. 1. 1) 

Similarly*  the  transformed  stress- strain  equation  for  €x  (1.2.3)  .s  written 

ECFie.  *a«- +  (3.1.2) 

The  transformed  equations  (1. 2. 1)  and  (1. 2.  2),  along  with  transformed  boundary 
conditions,  represent  a  complete  set  for  determining  the  transformed  dependent 
variables  stress,  strain,  and  displacement.  Once  these  variables  are  found  as 
functions  of  spacial  coordinates  and  p,  the  Laplace  inversion  integral  (or  transform 
tables)  is  used  to  obtain  the  time  dependent  solutions. 

It  is  evident  that  the  transformed  equations  of  viscoelasticity  have  the  same 
spacial  character  as  the  elastic  equations;  thus,  if  time  and  space  dependence  appear 
as  separate  factors  in  the  boundary  conditions  and  body  forces,  then  the  transformed 
solutions  to  a  viscoelastic  problem  will  possess  the  same  spacial  dependence  as  an 
"associated"  elastic  problem.  That  is*  when  body  forces  can  be  written  as 
X  •  X’(x)  X"(t)  (with  similar  representations  for  the  y  and  z  directions)*  stress 
boundary  conditions  as  Fx  *  Fx’(x)  Fx"(t)  (in  which  Fx  is  the  x-component  of  surfacs 
force  per  unit  area),  and  displacement  boundary  conditions  as  u(x)  m  u‘(x)  u"(t),  then 
the  transformed  viscoelastic  stresses  and  displacements  have  the  same  spacewiss 
dependence  as  those  in  a  geometrically  identical  elastic  body  with  these  body  forces 
and  boundary  conditions.  This  correspondence  has  great  practical  importance  since 
viscoelastic  solutions  can  be  obtained  immediately  from  the  associated  elastic 
solutions  by: 

1.  placing  bars  over  dependent  variables  in  the  elastic  solution; 

2.  replacing  the  boundary  and  body  force  terms  by  the  corresponding 
transformed  quantities; 

3.  replacing  the  elastic  constants  by  the  corresponding  transformed 
operators;  and 

4.  inverting  the  resulting  expressions  by  means  of  transform  tables 
or  the  inversion  integral  to  obtain  the  time  dependent  solution. 
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A*  a  final  point,  it  is  generally  sufficiently  accurate  to  assume  that  the 
bulk  modulus,  instead  of  being  an  operator,is  a  constant,  i.  e.  an  clastic  response, 
or  in  the  special  case  of  an  assumed  incompressible  material,  K For  this 
reason,  the  final  inversion  step  can  often  be  considerably  simplified  if  the  trans¬ 
formed  solution  is  expressed  in  terms  of  the  (constant)  bulk  modulus  K  and  one 
transfer  function  M( p)  or  £(p),  or  their  reciprocals  J(p)  or  D(p). 

A  simple  example.  -  In  order  to  clarify  the  procedure  of  solving  a  visco¬ 
elastic  stress  problem,  we  will  first  consider  the  simple  example  of  a  long,  uncased, 
thick-walled  cylinder  under  internal  pressure.  The  tangential  stress  in  the  associated 


elastic  cylinder  is  given  in  Section  3.  3.  2 


_  a’PittW. .  b'\ 

o;=l*:V'VVj 


(3.1.3) 


Since  there  are  no  material  constants  in  (3.  1.  3),  it  follows  that  the  stress  in  a 
viscoelastic  cylinder  is  the  same.  However,  this  is  not  true  for  the  radial  dis¬ 


placement 


U  = 


amPt(t)0-»v)  rf 


2*0  r-+ 


(3.1.4) 


For  simplicity,  let  u's  assume  that  the  material  deforms  much  more  easily  in  shear 
than  in  bulk  so  that  j/  a  |  and  the  elastic  displacement  becomes 

,3.  i.  5) 


which  'mmediately  gives  us  the  transformed  viscoelastic  displacement  as 

u(t>)  2  E  (-f)  (  •  •  ) 

For  the  first  representation,  let  E(p)  e  TTV Ey  £  p  +  1/  T  V1  corresponding  to  the 
Voigt  model,  (Figure  2.5  )  .  With  a  step  pressure  of  amplitude  pQ(p.  «  0,  t  <  0; 
p^  m  po,  t  >  0)  the  transformed  pressure  is  p^  s  p^/p  and  therefore 

3  a*b*n 


uw=4- 


2  rtb'-a»)  t(-p+ «/rv)-r.Ev 


(3.1.7) 


Xhi*  expression  is  readily  inverted  by  the  tables  to  give  the  viscoelastic  dis¬ 
placement 

3 

2  r(bm—  3*)  '  (3.1.8) 

Note  that  as  t  — *-co,  u  approaches  the  displacement  in  an  elastic  cylinder  with 
Young's  modulus  Ey  and  Poisson's  ratio  V  •  J. 

Had  we  used  a  four  or  five  element  model  for  the  modulus  operator,  it 
would  have  been  necessary  to  solve  a  quadradic  equation  to  invert  the  transform. 
Additional  elements  would  likewise  increase  the  order  of  the  equation  which  has  to 
be  solved  to  invert  u.  However,  if  the  elastic  constant  is  replaced  by  the  com¬ 
pliance  operator  D(p),  this  would  not  be  the  case  since  the  transformed  strain  then 
becomes 


uW=lnbQTD11,) 


(3.1.9) 


With  {T  *  p0/p#  the  displacement  is  just  proportional  to  the  tensile  creep  compliance 

D(t), 


3  »**>* 

2.  I-1.  k>*—  a*)~ 


(3. 1. 10) 


It  is  important  to  observe,  in  this  connection,  that  it  is  not  necessary  to  specify  a 
model,  but  only  the  experimental  values  of  creep  compliance,  as  determined  in  the 
simplest  test  from  a  tensile  specimen. 

The  responses  (3. 1.8)  or  (3.  1.  10)  can  now  be  used  to  calculate  the  dis¬ 
placement  for  a  general  pressure-time  curve  by  means  of  the  Duhamel  integral. 

If  we  denote  the  response  of  any  linear  system  to  a  unit  step  pressure  by  R#(t), 
then  the  response  R(t)  of  the  system  to  a  general  pressure  p(t),  assumed  to  vanish 
for  t  <0,  is  given  by  "  ^ 


(3.1.11) 


Thus,  the  radial  displacement  of  the  cylinder  in  terms  of  the  general  creep  com¬ 
pliance  is  simply 


(3. 1. 12) 
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To  lummarize,  we  can  state  that  this  problem  has  illustrated  examples 
of  the  general  rules: 

1.  An  elastic  and  viscoelastic  stress(displacement)  are 
identical  if  the  elastic  variable  is  independent  of  material 
constants. 

2.  When  the  elastic  solution  is  a  function  of  only  one  material 
constant  which  enters  as  a  simple  factor,  the  transformed 
solution  can  be  readily  inverted  if  the  viscoelastic  operator 
replacing  the  constant  is  chosen  such  that  it  appears  in  the 
numerator  of  the  transformed  expression. 

3.  The  response  of  a  linear  system  to  a  step  input  can  be  used 
to  calculate  the  behavior  under  arbitrary  time -dependent 
loading. 


3. 2  Application  to  Grain  Ignition. 


We  will  now  proceed  to  discuss,  in  detail,  the  calculation  of  viscoelastic 
tangential  strain  at  the  inner  surface  of  a  long,  case-bonded  grain.  The  model 
parameters  determined  in  Section  2.6  will  be  used  in  this  analysis,  and  it  will  be 
assumed  that  the  bulk  modulus  is  a  constant.  In  addition,  erosion  of  the  inner 
surface  will  be  neglected  so  that  validity  of  the  viscoelastic  solution  will  be  limited 
to  times  which  are  short  relative  to  the  total  burning  time. 

The  associated  elastic  strain  in  a  long,  case-bonded  grain,  given  in 
Section  3.  3.  2,  can  be  written  as 


r\~zv\ 

,  .  2  A*  | 

f  i_  jlVI 

l.-vj 

A?" » 

Pi,)] 

(3.2.1) 


where  X.  »  b/a,  p*  *  pressure  between  cylinder  and  case,  and  the  pressure  ratio 
p*/p.  is 

y _ 2  0- a/*) _ 

P.  ~  O'*  -0rLlt  0-  2*-)  A*}  +  (3‘  2‘  2) 


Since  the  viscoelastic  properties  were  given  in  Section  2.6  in  terms  of  shear  com¬ 
pliance  (J  ■  1/jiA  )  and  bulk  modulus  (K),  equations  (3.  2.  1)  and  (3.  2.  2)  wall  be 
rewritten  in  terms  of  these  properties  by  using  the  relations  (2.  2.  9)  and  (2.  2. 10), 
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where*  for  convenience*  we  have  defined 


<t>  =  KJ 
_  bK 
C  h  Be 

2U-^)cl 

l+3>? 


(3. 2.4a) 
(3. 2.4b) 


"1  ■+  "t"  0-</c)Bcl+' 


**-=+['*  «^-T)Cl-yhc3^-«'-v-,>c->i(>;-»~,^>c 


(3. 2.4c) 


Typical  value*  for  the  various  parameters  are  Kc2xl0  psi,  E£  «  30  x  10  psl« 

■U  a  0.  3,  b/h  a  200*  X  a  2  from  which  C  ■  13.  3.  It  is  observed  that  the  terms 
c 

containing  (C)  in  the  square  brackets  in  H(4)  are  quite  small  compared  to  unity  if 
the  above  number*  are  used.  In  fact,  if  they  are  neglected,  H(4)  reduces  to 

_  *  +  -3- _ _  _ 


4  +  2  C-N*-tXl-  V**)  C  4  +  72.80 


(3.2.5) 


Actually*  if  in  the  numerator  4/3  is  neglected  compared  to  4*  K  will  disappear 
explicitly  from  (3.2.  3)  and  the  incompressible  limit  case  will  result.  Further 
analysis,  however*  will  show  that  for  short  times,  when  4  may  be  small,  the  4/3 
term  should  be  retained.  If  all  terms  are  retained  in  H(4),  we  find  in  the  numerical 
example  that 


I  O-4 


:<» +1-33X4-*  0.3201)  ._  4>  +  l-3S 


($  +  76-82X4+0.318)  '  ~  '  4  +  76.82 

so  that  both  the  numerator  and  denominator  again  become  first  order  in  4.  This 
has  particular  significance  in  reducing  the  complexity  of  the  viscoelastic  problem 
in  which  4  is  a  transfer  function.  Using  the  expression  for  H(4)  from  (3.  2.  6),  the 


(3.2.6) 


strain  is 


(3.2.7) 


Since  4  is  proportional  to  the  grain's  compliance,  its  limiting  values  ara 
given  by  the  material's  long  time  (or  zero  frequency)  value  and  the  short  time 
(or  infinite  frequency)  value.  From  the  data  for  polyisobutylene  in  Figure  2.32* 
the  largest  possible  value  for  4  is  4(  woe  0}  a  KJ(  io»*  0)  a  1.  38  x  10*,  and  the 
smallest  4(10  a  00)  a  KJ(  oj  a  00)  a  4.  36.  Because  the  minimum  value  of  4  is  4. 36^ 
the  term  -1  will  be  neglected  in  (3.  2.7),  and  also  we  will  let  4/ (34+0  *  1/3.  With 
these  reasonable  approximations,  the  strain  is 


f  <4+  1-33  V  ,  -6 


(3.  2.8) 
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Without  carrying  out  a  viscoelastic  analysis,  the  minimum  and  maximum 
values  of  can  be  found  for  a  pressure  step  p.  applied  at  t  a  0  and  held  constant 
indefinitely.  The  initial  strain  is  given  by  substituting  4  a  4.  36  into  (3. 2.  8),  via, 

£  (t  a  0)  1  1.  75  p.  x  10”^;  and  the  long  time  strain  is  given  by  using  4  *  1.  38 
x  10^  in  (3.  2. 8),  vis,  €  ^  (t  a  00)  a  25  p.  x  10"^.  Although  it  is  tempting  to  compare 
these  values  to  the  ultimate  uniaxial  strains,  it  is  important  to  recognize  that  these 
limiting  values  of  strain  do  not,  in  general,  provide  sufficient  information  to  predict 
whether  or  not  the  grain  will  fail  upon  ignition;  the  failure  criterion  may  not  only 
depend  upon  the  strain  biaxiality,  but  also  upon  the  entire  strain  history  and  hence  the 
precise  way  in  which  varies  with  time.  (See  Section  4) 

To  illustrate  the  various  procedures,  examples  will  be  presented  showing  the 
determination  of  time  dependent  responses  for  step  and  ramp  type  pressure  inputs 
typical  of  an  ignition  loading  for  a  propellant  grain.  First,  discrete-element  models 
will  be  employed,  followed  by  an  exact  solution  in  order  to  examine  the  accuracy  of 
the  models  and  to  investigate  the  practicability  of  by-passing  models  entirely  by 
using  the  Fourier  inversion  integral  technique. 


3. 2.  1  Two  and  four  element  (bulk  elastic-step  and  ramp  pressure. 

The  strain  will  be  found  first  for  a  unit  pressure  step  and  then  this  solution 
will  be  used  to  find  the  response  for  a  typical  ramp  type  pulse.  With  viscoelasticity, 
we  look  upon  4  as  being  a  transfer  function  of  the  parameter  p.  For  convenience, 
we  will  write  (3.  2.  8)  as 


25  x«o'fc 


(3.2.9) 


and  define  ?(p)  as  the  transformed,  normalized  strain  due  to  a  unit  pressure  step 
s.(t)  applied  at  t  «  0  (*i(t)  a  0,  t  <  0;  s^(t)  a  1,  t  >  0); 

f<t>lP)  +  l.33  1-  „  'll 

+  76.be]  Si(P)  ~lW  +  76.82  1  V  (3.2.10) 

|(t)  will  be  found  first  using  a  four-element  model.  Recall  that  by  definition 
${p)  a  KJ(p).  and  that  J(p)  is  given  by  the  operational  compliance  k(p)  in  Figure  2. 13a. 
Using  the  same  definitions  given  in  Section  2.  6.  3,  Bg  *  KJ^,  B  HTj/tj, 


we  have 


<$>Cp)=  B.  +  — ^ - p— ®*_ 


(3.2.11) 


Substitution  of  (3.  2. 11)  into  (3. 2*  10)  yields 

(B(+76.82)'pt+(B1-+B1-(-Bt476.S2^-4-|t.  *  (3.2.12) 

After  substituting  the  model  parameters  B,  ■  50,  B,  ■  9.  5,  B_  »  6.  5, 

—2  *  “  t 

Tj  *  0.  925  x  10  sec.  into  (3.  2.  12)  and  then  factoring  the  denominator,  X  (p) 

becomes 

_  -pV  S3*\$P+\‘*2*K?  t 


0.094 


C-P+ 7. 50Xf>-+  177.5)  P 


(3. 2.13) 


This  can  be  easily  inverted  to  obtain  the  time  dependent  normalized  strain 


-7.S1  _  -177.51 

|(t)=  l-O-54-e  -  0.37* 


(3. 2. 14) 


which  is  plotted  in  Figure  3. 1  for  three  different  time  scales.  The  behavior  of  | 
for  short  times,  O  <  t  40. 01,  is  governed  by  the  second  exponential  in  (3. 2. 14); 
while  the  relatively  long  time  behavior,  t  >  0.  03,  is  determined  by  the  first 
exponential.  It  is  interesting  to  see  that  the  time  interval  in  which  both  exponentials 
act  is  in  the  time  scale  of  the  pressure  pulse. 

The  time  dependence  resulting  when  the  two-element  models  are  used  is 
found  in  a  similar  fashion.  From  Figure  2.  11,  the  operational  shear  compliance 
for  the  Voigt  model  is 

...  K3»  Bv* 

4»'.p)=1r?Tr*-— .  (3.2.15) 


and  for  the  Maxwell  model  is 


*  B„+- 


(3. 2. 16) 


Substituting  these  expressions  into  the  normalized  strain  |(t),  equation  (3.  2.  10), 
we  find  for  the  Voigt  model  , 


-fosTTl  I 
i :  b ? 


(3. 2. 17) 


and  for  the  .Maxwell  model 


-  fBm-M.33  ][>+' 


B  (  B«+  76.82) 


(3.  2. 18) 


(3.2.19) 


Inversion  of  (3.2. 17)  yields  for  the  Voigt  model 
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Sit)5*  0.47—  0.45 e. 

in  which  we  have  used  the  previously  determined  parameter  values  of  *  66,  and 
Ty  «  0.925  *  10"2  seconds.  Similarly,  from  (3.  2. 18)  we  find  the  response  for 
the  Maxwell  model 


$lt)  =  I  -  0.71  e 


(3.  2.20) 


in  which  we  have  set  B  m  30  and  B  =  0.  312  x  10“  a  seconds, 
m  r 

The  response  curves  shown  in  Figure  3. 1  for  both  two-element  models 
clearly  indicate  that  a  four-element  model  is  needed  to  obtain  sufficient  accuracy 
for  times  of  the  order  of  the  pressure  rise  time,  0.01  seconds.  However,  it  is 
seen  that  the  four -element  response  deviates  strongly  from  the  exact  solution  after 
0. 1  seconds;  estimation  of  strains  at  times  beyond  this  value  will  probably  require 
the  use  of  a  model  with  additional  elements. 

Strain  response  to  the  unit  pressure  step  can  be  used  to  calculate  the 
response  (t)  to  an  arbitrary  pressure  loading  p^(t)  by  using  the  Duhamel  integral 


y  du 


(3.2.21) 


in  which  the  pressure  is  assumed  to  vanish  for  t  <  O.  The  strain  follows  from 
equation  (3.  2.  9) 

25*IO-*¥lt)  (3.2.22) 

We  will  now  specialize  (3.  2.  21)  to  the  ramp  type  pulse  illustrated  in 
Figure  3.  2  with  a  derivative  defined  mathematically  as 


dT*° 

±<o 

<h» 

•it  *  t 

o<±<\ 

4!L-o 

dt 

P. 

dt  ~  t( 

t^<t<t,7t» 

&-° 

(3.  2.23) 
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Using  the  pressure  derivative  given  by  (3-  2.  23),  4*  M  becomes 


o<t<  t. 


'*,w='fr\  ^lu)du 

^lu)duj 


(3.2.24) 


The  response  for  the  three  different  models,  obtained  by  substituting  (3.2. 14), 

(3.  2. 19)  and  (3.  2.  20)  into  (3.  2. 24)  is  shown  in  Figure  3.  2. 

It  will  be  recalled  that  in  the  spectral  analysis  we  assumed  that  most  of  ths 
strain  due  to  one  entire  pulse  would  relax  out  by  the  time  t  s  12tj  *  0. 12  seconds. 

It  is  seen  from  the  four-element  curve  that  this  assumption  is  valid  since  only 
about  10°/o  of  the  maximum  value  remains  at  t  s  12tj. 

It  is  important  to  recognize  that  the  model  parameters  used  in  the  foregoing 
analysis  are  functions  of  both  temperature  and  time  scale  of  the  pressure  pulst. 
More  precisely,  the  parameters  depend  on  where  the  frequency  band  of  interest  lies 
on  the  master  curve  of  dynamic  data.  In  order  to  make  a  complete  design  study  for 
various  temperatures  and  pressure  rise  times,  it  is  necessary  to  first  determine 
the  model  parameters  as  a  function  of  position  of  this  band.  Then  for  each  specified 
pressure  rise  time  and  temperature,  the  appropriate  frequency  band  must  be  found. 
However,  with  each  model  the  grain  and  case  geometry  can  be  varied  independently 
of  the  model  parameters.  This  assumes,  of  cou  se,  that  the  strain  occuring  with 
the  various  geometries  relaxes  out  sufficiently  rapid  in  order  that  the  spectral  . 
analysis  is  valid. 


3. 2.  2  Direct  incorporation  of  complex  compliance  data  using  Fourier  transforpa- 
step  ancTramp  pressure. 

The  transfer  function  $(p)  in  (3.  2. 10}  generally  has  to  be  represented  by  an 
infinite  element  model  in  order  to  fit  experimental  data  over  the  entire  time  seals. 
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I £  the  retardation  spectrum  L("t }  were  known,  then 

♦W*  «J  *•  25> 

could  be  substituted  into  equation  {3.  2.  10)  and  used  to  invert  ?(p)-  This  procedure 
will  usually  require  contour  integration  in  the  complex  plane  which  can  be  quite 
laborious.  However,  application  of  the  Fourier  transform  and  inversion  integral 
enables  the  strain  to  be  found  without  using  model  theory  or  complex  integration* 
wherein  only  the  assumption  of  linear  viscoelasticity  is  required. 

Therefore,  as  an  alternate  method  of  analysis,  an  exact  solution  to  the 
viscoelastic  problem  will  be  obtained  by  using  experimental  values  for  dynamic  data 
directly  in  the  Fourier  inversion  integral.  In  view  of  the  data  existing  only  ir 
graphical  form,  it  is  necessary  to  use  numerical  integration.  It  turns  out  that  it  ie 
much  easier  to  perform  the  numerical  inversion  if  the  pressure  is  a  step  function 
rather  than  a  pulse  associated  with  a  particular  time  scale.  Thus,  as  before,  we 
will  first  determine  the  strain  for  a  pressure  step  applied  at  t  ■  0,  and  then  extend 
the  results  to  the  ramp  pressure  by  using  (3.  2.  24).  The  Fourier  transform  of  a 
function  f(t)  is  defined  as 

.  «* 

T«o)  =  ^  4lt)  e‘LWt<Jt  (3-  2-  26) 

- 

with  the  inversion  integral 

?(u>)  (3.2.27) 

Formally  operating  on  linear  differential  equations  with  the  transform  is  equivalent, 
with  zero  initial  conditions,  to  replacing  the  time  derivative  by  io)  and  the  pressure 
si(t)  by  s’-(io);  therefore  we  obtain  the  Fourier  transformed  strain  from  (3.  2.  10) 
by  simply  replacing  p  by  iu)  , 

J(w)  *  A(w) S'itu))  (3.2.28) 


where  the  complex  admittance  A(u>)  is  defined  as 

$(i<d) -+I-39 

<|>Uu»)+76.az 


(3.2.29) 


However,  $(iu)}  is  actually  the  nondimensional  complex  compliance,  ij>*(u)),  defined 
previously  in  Section  2.6 . 3 

4(iw)  =  <$>%»  =  KJ*(U)  * 


<$>  (.urt  =  k  J'  (to)  ;  <$>*( u>)  =  K  J*({j) 
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Substituting  $(iu) )  «  +'(w)-:<)"(cO  )  into  A(U)}  and  rearranging  to  form  the  real  and 
imaginary  component*,  w*  find 

A (u»  =  A,(w)  -  t  A,(w)  (3. 2. 30) 


when 


+  (  $*f •+  7S.I5  #  •»  >02.5 
(40*+ ($*>*+  153-64'+  5900 


A  ,(<*>3= 


7S.5  4* 

)*+  (4*)*  •+  I  S3. 6  $'+  5900 


It  will  be  convenient  to  write  A(0>)  in  an  alternative  form 


A(M>«lA(W>!«'UWk  <32Jl>  . 


where 

I  A(W)1  —  Va?<U)1+  A£(U)> 


€(w)  =  tan’-MSSL 

Atu) 

Both  (3.  2.  30)  and  (3.  2.  31)  are  plotted  in  Figure  3.  3  by  using  values  for  ^  and  4" 
taken  directly  from  the  master  curves  of  the  real  and  imaginary  components  of 
complex  compliance.  Figure  2.  32. 

We  have  defined  T^w)  as  the  transform  of  a  unit  step  function  which  vanishes 
for  t  <  0  and  equals  unity  for  t  >  0.  However,  the  transform  cannot  be  found 
directly  since  the  transform  of  the  step  from  {3.  2.  26)  is 

(**  -imX  . 

i*  dt 

which  does  not  converge  to  a  definite  limit.  Consequently,  we  must  consider  s 
modified  step  function 


SrCt)=  O  ;  t«o 

Sr  ttl  =  e  **  j  t  >  o 


(3.  2.  32) 


and  let  Y-—  0  after  the  final  form  of  the  inversion  integral  is  determined.  It  is 
shown  in  the  following  that  T  can  be  taken  identically  as  zero  in  the  portion  of  the 
inversion  integral  requiring  numeral  integration,  while  the  portion  in  which  w* 
cannot  initially  take  it  as  zero  can  be  evaluated  analytically.  The  transform  of 
(3. 2. 32)  is 


-ttr+vW)  t 

e  dt  * 


I'+iW 


(3.  2.  33) 
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From  (3.  2.  27)  and  (3.  2.  33),  the  normalised  strain  due  to  a  unit  pressure  step  is 
written  formally  as 


lit)  =  21  V?.  \  AtW)  (<0)  e 

=  Ti  LIm 

**•  i  r+i«»  ° 


(3.  2.  34) 


In  order  to  numerically  integrate  (3.  2.  34),  it  must  first  be  written  as  m 
real  integral.  It  is  convenient  to  use  form  (3.  2.  31)  for  A(u>)  so  that 

..  . i.if _ \*i  ..  _ _ _ 


Alwie  =  lAle^  =  |AlJcos(wt-€)+iSinl.tot-€^ 


(3.2.35) 


Substituting  (3.  2.  35)  into  (3.  2.  34)  and  writing 

»  _  r- 

r+iu  r*+«u* 

we  find 


|lt) Lin.  lw][cos ((dt-€) + i sin (wt-e^du) 

21T  ^ 


(3.  2.  36) 


€  has  been  defined  as 


€  „  -Can 

A,lu» 


in  which  and  Aj  are  known  only  for  w  >  0.  However,  behavior  of  e  for  negative 
10  can  be  determined  from  model  theory.  Reference  to  the  most  general  models 
given  in  Figure  2.  15  show  that  the  real  component  of  complex  compliance  is  even 
inu)  ,  and  the  imaginary  component  is  odd  in  t0  •  Thus,  from  (3.  2.  30)  it  is  clear 
that  lAl  is  an  even  function  while  €  is  odd.  Using  .his  fact,  we  can  write  (3.2.  36) 
as  two  real  integrals  with  limits  from  0  to  go: 


|lt)  =4 Lie.  pAl(a,.sinCt|»tZ0 

n  r-»)  >*■*■<*> 

.  I  ,  .  CoS  twt-e) 

+— Um  T\ !■—- - - - dw  —  I,+  I. 

*  >-»o  )  Y*-+w*  '  * 


(3.2.37) 


The  first  integral,  defined  as  1^,  converges  uniformly  for  all  T  and  hence  we  can 
set  X  »  0  under  the  integral  sign.  It  is  seen  that  if  we  set  X  »  0  in  the  second 
integral  I^,  it  diverges  due  to  the  1/  U)  ^  term  in  the  integrand  and  the  lower  limit 
being  zero.  However,  a  change  of  variable  will  allow  the  limit  to  be  taken.  Letting 
U)  -v  til  in  we  obtain 


-112- 


Ji*  \  to«  [fat-  e(m>l  an.  (3. 2. 38) 

Since  I^  is  uniformly  convergent  in  f  ,  we  may  set  f  m  0  under  the  integral  sign, 
thus: 

-»  _  »  i  Ar_xtf**<dn.  !Alo)l 

l^^ACo)^-^-*  — (3.2.39) 

in  which  we  have  used  the  fact  that  £(o)  *  Q.  Therefore  {(f)  in  (3.  2.  3?)  is  given  by 

f(t)  =4 ~S^S's]n  {<J}t  ~  eidu)  +  (3.  2. 40) 

{(t)  can  now  be  found  by  numerical  integration.  The  method  employed  for  the 
problem  in  this  report  was  to  use  Simpson's  rule  for  approximately  the  first  two 
cycles  of  sin  (  cot-  e  ),  and  then  construct  analytical  approximations  for  the 
remaining  range  of  integration  in  which  the  contribution  to  {(t)  was  relatively  small. 
The  result  is  plotted  on  log-log  paper  in  Figure  3.  4,  and  for  three  different  time 
•calcs  in  Figure  3. 1  indicated  as  the  "exact"  response.  The  strain  can  be  approxi¬ 
mated  by  a  few  straight  lines  on  log-log  paper  so  that  it  has  a  power  law  form  as 
shewn  in  Figure  3.  4. 

A  very  useful  approximate  relation  exists  between  the  real  part  of  the 
'.dmittance  A^  and  the  strain  {(t).  Examination  shows  that  {  (0.  5/  U)  )  i  Aj(co)- 
Thus,  by  taking  values  of  Aj(u3  )  from  Figure  3.  3  and  plotting  these  values  against 
t  a  0.  5/co  ,  a  good  approximation  to  the  exact  normalized  strain  is  obtained  as  ' 
shown  in  Figure  3.  4.  It  is  expected  that  thus  "rule"  will  hold  as  long  as  the  complex 
admittance  has  the  form  shown  in  Figure  3.  3;  however,  other  examples  should  be  ’ 
examined  in  order  to  determine  the  generality  of  the  rule. 

The  solution  {(t)  was  obtained  for  a  particular  geometry  in  which  certain 
dimensions  were  assumed.  If  it  is  decired  to  study  the  responses  as  a  function  of 
dimensional  changes,  in  principle,  the  complete  Fourier  inversion  must  be  carried 
out  with  each  set  of  dimensions.  However,  if  the  rule  {(  oi  /m  )  a  Aj(u))  is  found 
to  hold  for  .one  set  of  dimensions,  the  strain  can  be  computed  directly  from  this 
-•hen  other  sets  are  used.  In  the  problem  just  solved  ot  ■  0.  5;  however,  it  maybe 
somewhat  different  for  various  materials  and  may  change  significantly  if  radical 
changes  in  dimensions’ are  made.  -  In  a  design  study  involving  dimensional  char$eu, 
limiting  values  should  be  used  to  check  the  value  for  o<  . 
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The  analytical  approximations  to  £(t),  given  in  Figure  3.4.  were  substituted 
directly  into  equations  (3.  2.  24)  in  order  to  calculate  the  normalised  strain  response 
for  the  pressure  pulse  shown  in  Figure  3.  2.  The  elastic  limit  cases  for  the  strain 
are  shown  as  well  as  the  actual  viscoelastic  response.  The  limit  cases  correspond 
to  the  hypothetical  situations  in  which  the  grain  responds  with  glassy  compliance 
(the  smallest  possible  compliance  which  is  the  limiting  value  at  high  frequency)  and 
the  rubbery  or  equilibrium  compliance  (the  largest  possible  compliance  which  is  the 
limiting  value  at  low  frequencies).  It  is  cleat  ly  seen  that  the  actual  strain  history 
is  considerably  different  from  what  an  elastic  limit  analysis  would  indicate. 

It  is  important  to  recognize  that  it  was  not  necessary  to  specify  any  pressure 
time  scale  or  temperature  in  obtaining  the  fundamental  solution  £(t).  This  was 
necessary  with  the  finite-element  model  analysis  and  consequently  the  solutions  were 
valid  only  for  a  specified  time  scale  and  temperature.  Since  the  solution  just 
obtained  is  known  for  all  time  (the  very  shor*.  time  portion  is  not  shown  in  Figure  3.4* 
however,  it  can  be  found  from  the  inversion  integral),  it  can  be  used  to  draw  a 
master  response  curve  which  is  valid  as  long  as  the  material's  temperature  Is 
constant  in  time.  That  is,  the  time-temperature  superposition  principle  discussed 
in  the  Section  2.5  can  be  applied  by  plotting  £  as  a  function  of  (t/a^.).  It  should  be 
recalled  that  a  small  approximation  is  made  in  doing  this  since  the  linear  dependence 
of  compliance  on  temperature  has  been  neglected.  If  this  dependency  is  considered, 
then  the  admittance  plotted  against  reduced  frequency  (  uj  a^.)  will  change  slightly 
with  temperature.  However,  the  present  inaccuracy  af  propellant  data  does  not 
warrant  such  a  correction. 

The  master  curve  for  £(t/a,j.)  can  be  used  to  make  a  parametric  siudy  of 
response  as  a  function  of  temperature  and  pressure  rise  time  for  each  set  of 
dimensions  assigned  to  the  grain-case  geometry.  In  view  of  the  empirical  relation 
found  between  the  real  part  of  the  admittance  Aj  and  £,  which  becomes 
£(t/a^.)  *  £(  cV/u;  a^.)  •  Aj(  U)  a^.)  in  terms  of  reduced  variables,  the  response  £(t/a^) 
can  be  found  quite  readily  as  a  function  dimensions  if  further  examination  verifies 
the  relation  for  other  examples.  Such  a  set  of  master  curves  would  allow  a  complete 
design  study  to  be  made.  This  conclusion  can  be  contrasted  with  that  made  for  the 
solution  with  finite-element  models.  It  will  be  recalled  that  with  these  simple  models 
each  solution  could  be  easily  used  in  a  parametric  study  in  which  dimensions  were 
changed,  and  a  set  of  these  solutions  were  needed  to  study  the  effect  of  temperature 
and  pressure  pulse  variations.  Also,  if  it  is  desired  to  take  erosion  of  the  inner 
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boundary  into  account,  the  Fourier  integral  method  cannot  be  used;  however,  on* 
can  use  a  method  such  as  suggested  by  Lee  and  Radok^*  ^  in  which  finite  element 
models  are  employed.  Consequently,  we  cannot  state,  in  general,  that  one  method 
is  better  than  the  other  since  the  most  appropriate  one  will  be  deter  mined  by  th* 
particular  problem  at  hand. 


3.  2.  3  Extension  of  the  solutions  to  pressurized  cylinders  with  internal  star- 
shaped  perforation*. 

Inasmuch  as  the  stress  and  displacement  solutions  presented  in  this  report 
apply  only  to  circularly  perforated  cylinders,  it  is  useful  to  extend  these  solution* 
to  include  the  more  common  star  configurations  (Figure  3.  5).  An  approximate  ' 
method  based  upon  elastic  concentration  factors  will  be  discussed  for  both  elastic 
and  viscoelastic  grains.  In  a  paper  by  Ordahl  and  Williams^*  this  method  i* 
applied  to  elastic  grains  (with  and  without  cases)  and  several  design  curves  ar* 
presented' that  give  preliminary  values  of  stress  concentration  factors*. 

The  concentration  factor  K  has  been  defined  as^*^ 

K  =  °^r.  (3.2.41) 

«  s  Or- 

where  CTr,  0,  *  radial  and  tangential  (hoop)  principal  stresses, 
respectively,  in  a  star  perforated  grain. 

0’ri  o',  a  radial  and  tangential  principal  stresses  re> 
spectively,  in  a  grain  with  a  circular  port. 

The  stresses  CT^  and  CT^  ,  for  either  plane  stress  or  the  condition  of  constant 

strain  €E>  are  given  in  Section  3.  3. 2  as 

_  - 

&T-1  (3. 2. 42) 


where 


r  - .  (bf 

•  «r-i 


*  The  data  was  preliminary  in  the  sense  that  only  a  limited  amount  of  experimental 
values  was  used  and  that  subsequent  checks  indicate  about  20  /o  unconservative 
results.  It  is  understood  that  other  workers  are  presently  engaged  in  refining  the 
earlier  data. 


Also 
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where 


ar-a#=2^-J ^ 

■  •  «r-i 

internal  pressure 


(3. 2. 43) 


*  external  pressure  (for  a  case-bonded  grain  this  is 
the  pressure  between  the  case  and  grain) 


a  «  inside  radius  of  circular  grain,  and 
b  ■  outside  radius  of  circular  grain. 

It  is  seen  that  (  ffr  -  0#)  depends  only  on  the  pressure  difference  (p*>Pj); 
so  that  in  order  for  K  to  be  independent  of  loading,  (  <y*  -  g-*)  must  also  be 
proportional  to  (p*  -p.).  This  will  now  be  shown.  Since  linear  behavior  is  assumed, 
0 r  0*  are  generally  written  as 

o\  *  e,*' 

-  p.p-.+  p.p'  ,32*" 

in  which  Pj.  P2,  P3>  and  p^  are  geometrical  factors  pertaining  to  a  particular 
configuration  and,  in  general,  are  space  dependent.  It  should  be  noted  that  these 
factors  are  independent  of  material  properties  since  the  stresses  in  (3.  2.  44)  apply 
to  a  two  dimensional  problem  with  all  stress  boundary  conditions.  The  stress 
difference  is 


o'r-  o; » ( {j,-  fvm- ((v-  m  ^ 


(3.  2.  45) 


A  relationship  between  the  p.,  which  must  hold  for  all  pressures,  can  be  found  by 
considering  the  limit  case  of  ■  p>  .  p.  When  p.  b  p*  .  p.  a  cylinder  of  any 
arbitrary  cross-section  is  in  a  state  of  uniform  hydrostatic  pressure  so  that 
0Tr  »  <T,  *  -P»  and  therefore  from  (3.2.45)  the  Pj  must  satisfy 


Substitution  of  (3.  2.  46)  into  (3.  2.  45)  yields 


(3.2.46) 


(3.  2.  47) 


which  was  to  be  shown. 
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The  maximum  stresses  and  strain*  occur  at  the  star  paints,  indicated  in 
Figure  3.  5,  and  for  this  reason  the  necessary  relations  will  he  presented  for 
calculating  stress-*  and  strains  at  this  location  only.  It  is  clear  that  because  of 
symmetry  there  is  no  shear  stress  acting  along  radial  lines  drawn  through  the  star 
points  which  means  the  stresses  at  the  star  points,  denoted  as  and  Q  *** , 

are  principle  stresses. 

At  the  star  point  (  r  a  a),  K*K.  (this  corresponds  to  the  notation  of 
reference  3.4  and  *  *  p£-  Using  this  notation,  (J***  is  found  from  (3.2.41) 

and  (3.  2. 43)  evaluated  at  r  s  a: 

r  2("^T  i 

=K4TS^B-p',-?‘  (3'2'48’ 

It  is  apparent  from  this  result  that  only  when  p.  a  0  can  K-  he  interpreted  as  the 
ratio  of  (j***  to  CT#.  It  should  be  emphasized  tl.at  the  above  results  are  independent 
of  material  propertie*_if_p.  and  p*  are  known;  thus,  both  viscoelastic  and  elastic 
stresses  can  be  found  using  (3.  2.  48)  with  the  values  of  K-  given  in  reference  3.4. 
However,  with  a  case-bonded  grain,  p*  (assumed  uniform)  is  the  pressure  between 
case  and  grain  so  that  it  is  related  to  pi  through  geometrical  factors  and  material 
properties.  This  necessitates  the  use  of  an  approximation  in  which  shear  stresses 
at  r  «b  are  neglected,  and  p*  is  assumed  to  be  the  same  for  both  the  star  and 
circular  configurations  if  the  radius  (a)  of  the  circular  port  is  made  equal  to  the 
radius  drawn  to  the  star  point.  It  is  evident  that  this  approximation  improves  as  the 
web  fraction  b-a/b  increases. 

Elastic  solutions  for  p'  are  given  in  Section  3.  3.  Z  for  several  pressure 
problems.  With  a  viscoelastic  grain  it  is  necessary  to  solve  a  differential  equation 
that  arises  when  elastic  constants  in  the  equation  for  p'  are  replaced  by  appropriate 
differential  operators.  It  may  be  noted  that,  in  general,  p^  and  p’  have  the  same 
time  dependence  only  if  the  grain  is  elastic. 

The  radial,  tangential,  and  axial  strains  at  the  star  points,  denoted  as 
€***  ,  €:***,  *nd  €***  respectively,  are  found  by  substituting 
(3.  2.48)  into  the  stress-strain  equations 


aloT-^-n+O) 


(3. 2.43) 


Two  important  cases  can  be  distinguished:  First,  for  plane  stress  (  (J s  »  0) 


€v=  K4^}(Pi”p/)] 

Ufip 

■> -  + ^7  k\^\  <*-*] 


For  plane  strain  {  6^  *  0): 


(3. 2. 50) 


(3.2.51) 


An  interesting  limit  case  resutts  for  incompressible  materials  ( -j)  r|).  The  first 
term  appearing  in  the  brackets  in  (3.  2.  51)  will  then  vanish  leaving  for  plane  strain 

€?=  K;€r(a) 


(3.  2. 52) 


<*=  K;e*ca) 


Viscoelastic  star  point  strains  are  obtained  from  the  applicable  set  of 
preceding  equations  in  the  usual  manner  by  first  replacing  E  and  j/  by  viscoelastic 
operators  and  then  inverting  to  obtain  the  time  dependence. 


3.  3  A  Collection  of  Useful  Formulas. 

3.3.1  Range  of  validity  of  linear  elastic  analysis 

At  the  enu  of  Section  2.  5,  certain  conditions  were  alluded  to,  under  which  the 
propellant  could  be  treated  as  essentially  elastic.  The  answer  to  this  question  was 
deferred  until  this  section  in  order  to  provide  directly  an  application  of  the  visco¬ 
elastic  theory  discussed  under  Sections  2.  4,  2.  5,  and  2.  6.  This  was  done  in 
Sections  3. 1  and  3.2,  where  an  ignition  type  of  problem  was  discussed.  This  problem 
is  peculiar  in  the  sense  that  in  the  first  few  microseconds  after  rapidly  applied  load¬ 
ing  at  ambient  temperature,  the  propellant  changes  its  mechanical  response  from 
glassy  to  rubbery.  In  other  applications  of  load  at  room  temperature,  we  are  not 
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concerned  with  response  in  the  first  few  microseconds,  but  rather  with  longtime 
behavior,  such  as  slump.  Or  equivalently,  if  the  load  is  applied  at  extremely  low 
temperatures,  we  are  only  concerned  with  short-time  behavior.  In  both  these  cases, 
the  propellant  behaves  essentially  elastic — rubbery  at  ambient,  or  glassy  at  low 
temperatures.  Thus,  it  is  possible  in  a  large  number  of  cases  to  assume  linear 
elastic  behavior,  and  thereby  use  the  following  collection  of  elastic  solutions  directly 
in  an  engineering  analysis. 

Before  presenting  these  formulas,  it  is  important  to  establish  ranges  of 
validity.  Thus,  at  low  temperatures  it  is  necessary  to  know  the  limit  of  duration 
beyond  which  creep  effects  enter  the  picture.  Conversely,  at  ambient  temperatures, 
it  is  necessary  to  know  the  minimum  duration  within  which  relaxation  effects  are 
still  important. 

In  order  to  investigate  this  point,  we  must  first  choose  a  tolerance  limit 
within  which  the  reduced  modulus  is  to  be  considered  elastic.  Thus,  for  the  case 
of  short  times,  if  the  tolerance  limit  is  denoted  by  k  ,  and  we  consider  the  tensile 

e 

modulus,  for  example,  then 


Eg  —  E« 


> 


1  ~ 


(3.  3. 1) 


This  criterion  guarantees  that  the  propellant  acts  perfectly  elastic,  glassy  and 
brittle  during  the  time  scale  of  the  experiment  at  a  given  temperature.  In  order  to 
evaluate  this  time  scale,  we  use  the  modified  power  law  distribution.  Section  2.  4. 3, 

and  set 


1-  $>t< 


l-T> 


± _ 

K(T) 


(3.3.2) 


so  that 


<  KCT1- 


(3.  3.3) 


Similarly,  for  long  times,  with  the  tolerance  limit  again  denoted  by 
we  have 


6nl  —  g, 

Eg-E, 


<u 


(3.  3.  4) 


,0 


This  criterion  guarantees  that  the  propellant  acts  perfectly  elastic  and  rubbery 
within  the  time  scale  of  the  experiment  at  a  given  temperature.  In  order  to  evaluate 
this  time  scale,  we  set 


1 


u _r* 


so  tn»t 


(3s  3. 5} 


9 
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.  t*i*.  >  KC-rti  ^ 

IruMtiy 

By  way  of  comparison,  we  have  the  following  tabulation  for  n  * 


(3.  3. 6) 

i  i  «io“s 


TABLE  3.1 


Material 

ra 

K^si#. 

Kf-Botyss. 

,  »'«• 
HMSt) 

-60 

| 

•t-adV 

•tw.w-fc 

r*ao*s 

unfilled  polyure¬ 
thane  binder 

-80 

2 

2 

4*t63 

i 

2xtO* 

n 

2 

73*10 

14*10* 

-H 

za*\ o 

14*10* 

,  It  ia  apparent  that,  in  the  cace  of  a  propellant  with  a  high  brittle  or  distinctive 
temperature,  relaxation  effects  are  negligible  at  -80°F,  while  relaxation  is 
completed  with  9  sec.  at  +  80°F.  On  the  other  hand,  in  the  case  of  an  unfilled  rubber 
or  a  propellant  with  a  brittle  temperature  down  around  -80°F,  relaxation  effects 
are  very  important  down  at  -80°F,  and  have  completely  relaxed  out  at  +80°F. 

One  can  now  interpret  this  extent  of  relaxation  in  term*  of  the  mechanical 
model.  For  convenience,  we  use  a  Wiechert  model  characterized  by  a  modified 
power  law  distribution  and  ask  what  the  corresponding  relaxation  times  are,  below 
which  all  dashpots  have  already  relaxed,  and  abovy  which  no  dashpots  have  had  time 
to  relax  at  a  given  time  and  temperature.  Thus,  for  the  latter  case,  we  set 

-Jri _ =  !><wr  f*°  e-_^  (3  3>  7) 

I'+kvtt]”  **("> 

This  is  equivalent  to  statement  that,  at  time  t  and  temperature  K(T),  all  dashpots 

whose  relaxation  times  are  less  than  x  have  already  relaxed  out,  in  the  course 

rrun 

of  which  the  modulus  has  only  been  reduced  by  the  tolerance  factor  (1-  S  ).  We 


which  yields 


by  V  to  obtain 

t-tKl-O 

v-8  [KtT>r 

p=W~  ... 

(3.  3.8) 

I'-lferl"  rw 

)*  It*  KtT)J" 

1  r-t-t-Ktm* 

Ttj  _  l'  i 

(3-  3.9) 

i  —  - 

Tin) 

t»!»»  *t**  KtT)  ^ 

•o  that 
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(3.3. 10) 


Similarly,  in  order  to  determine  the  relaxation  time  below  which  all  dashpota 
have  already  relaxed  at  given  time  and  temperature,  we  set 

r<">  l  ‘  ’ 

This  is  equivalent  to  the  statement  that,  at  time  and  temperature  K(T),  all  dashpots 

whose  relaxation  times  are  greater  than  Y  have  not  yet  relaxed  out,  leaving  a 

mix 

tolerance  factor  &  of  the  original  modulus.  We  again  replace  (t  +  K)/t  by  v  to 
obtain  _ _ 


(3.3.11) 


(3.  3. 12) 


>  tKcni*(  Hir 

-3-j"*  rcn>  V  Lt+KIT1)* 

Kml 

.  s*  e 

(3.  3.13) 

(3.3.14) 

r<»0  " 

So  thst 

w  ^atax.  X 

(3.  3.  IS) 

(3.  3.16) 

Equations  (3.  3. 11)  and  (3.  3. 16)  show  very  clearly  the  cut-off  relaxation  times 
follow  the  time  scale  of  the  experiment;  the  magnification  factors  4  and  1/5.  S 
respectively  depend  only  on  the  tolerance  factor  &  ,  and  the  log-log  slop*. 


3.3.2  Stress-strain  field*  in  cylinders. 

The  following  pages  summarise  first  the  important  equations  in  cylindrical 
coordinates  which  define  the  stress-strain  field  in  both  infinite  and  finite  cylinders 
under  various  types  of  loadings.  The  general  cylindrical  equations  are  listed, 
followed  by  those  restricted  to  axb '  symmetry  for  both  three  and  two-dimensional 
problems.  Following  this,  simple  ,ading*  suwh  as  simple  tension.  Internal 
pressurization  and  torsion  are  applied  to  free  and  elastically  cased  hollow  tubes. 
Some  relations  for  solid  cylinders  are  also  included.  Finally,  thermoelastic 
equations  and  simple  thermal  stress  fields  are  presented. 
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LIST  OF  STRESS-STRAIN  FIELDS  IN  CYLINDERS 


Formulas 

Pags 

Definitions  of  Symbols  and  Term* 

123 

Cylindrical  Equations 

i 

125 

Axially  Symmetric  Equations 

ii 

126 

Axially  Symmetric  Equations  -  Two  Dimensional 

iii 

127. 

Pressure  Loading: 

Pressure-Solid  Cylinder-No  Case-Two  Dimensional 

Plane  Stress  and  Two  Dimensional  Plane  Strain 

P-1 

128 

Pressure-Solid  Cylinder-with  Case-Two  Dimensional 

Plane  Stress 

P-2, 3 

129 

Pressure -Solid  Cylinder-with  Case-Two  Dimensional 

Plane  Strain 

P-4.  5 

131 

Pressure-Hollow  Cylinder-External  Pressure-No  Case- 
Two  Dimensional  Plane  Stress  and  Two  Dimensional 
plane  Strain 

P-6 

133 

Pressure-Hollow  Cylinder-Internal  Pressure-No  Case- 
Two  Dimensional  Plane  Stress  and  Two  Dimensional 
Plane  Strain 

P-7 

134 

Pressure -Hollow  Cylinder-External  Pressure-with  Case- 
Two  Dimensional  Plane  Stress 

P-8,9 

135 

Pressure-Hollow  Cylinder-External  Pressure-with  Case- 
Two  Dimensional  Plane  Strain 

P- 10.il 

137 

Pressure-Hollow  Cylinder-Internal  Pressure-with  Case- 
Two  Dimensional  Plane  Stress 

P-12,13 

139 

Pressure-Hollow  Cylinder-Internal  Pressure-with  Case- 
Two  Dimensional  Plane  Strain 

P-14, 15 

141 

Pressure-Hollow  Cylinder-Internal  Pressure-with  Case- 

P-16, 17, 18 

143 

Ends  Bonded 


Tensile  Loading: 

Tension-Solid  or  Hollow  Cylinder-No  Case  T-l  146 

Tension-Solid  or  Hollow  Cylinder-with  Case-Bonded-  T-2,  3  147 

Cylinder  and  Case  in  Tension-Uniform  Stress 

Tension-Solid  or  Hollow  Cylinder-with  Case-Bonded-  T-4,  5  149 

Cylinder  and  Case  in  Tension-Uniform  Strain 

Tension-Solid  or  Hollow  Cylinder-with  Case-Bonded-  T-6  151 

Case  in  Tension  or  Cylinder  in  Tension 


-122. 


Torsi le  Loading: 

Formulas 

Torsion  Equations -St.  Venant 

t-1 

152 

Torsion  Equations -Second  Order 

t-2 

152 

Torsion-Solid  or  Hollow  Cylinder-No  CUv- 

t-3 

154 

Torsion-Solid  or  Hollow  Cylinder-with  Case -Cylinder 
and  Case  under  Torsion 

t-4 

155 

Torsion-Solid  or  Hollow  Cylinder-with  Case-Case  under 
Torsion-Cylinder  Unbonded 

t-5 

156 

Torsion-Solid  or  Hollow  Cylinder-with  Case-Case  under 
Torsion-Cylinder  Bonded  to  Cass 

t-6 

15T 

Torsion-Solid  oz  Hollow  Cylinder-with  Case-Cylinder 
under  Torsion-Unbonded 

»-7 

158 

Gravity  Loading: 

Gravity-Solid  or  Hollow  Cylinder-with  Case- Pure  Shear 

G-l 

159 

Thermal  Loading: 

Thermoelastic  .Equations 

AT-1 

160 

Temperature-Soiid  or  Hollow  Cylinder-No  Case-Plane 
Stress 

aT-2 

161 

Temperature -Solid  or  Hollow  Cylinder-No  Case-Plane 
Strain 

aT-3 

162 

Temperature-Solid  or  Hollow  Cylinder-with  Case-Plane 
Stress 

AT-4.5 

162 

Temperature -Solid  or  Hollow  Cylinder-with  Case-Plane 
Strain 

A  T-6.  7 

165 

Temperature-Uniform-Hollow  Cylinder-with  Case  and 
Ends  Bonded 

AT-8,  9 

167 

Temperature-Steady  Flow-Plsne  Stress-No  Case 

AT- 10 

169 

Temperature-Steady  Flow- Plane  Strain-No  Case 

AT-11 

170 

i 
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DEFINITIONS  OF  SYMBOLS  AND  TERMS 

-  inside  radius  of  cylindrical  propellant  grain 

-  outside  radius  of  cylindrical  propellant  grain 

-  outside  radius  of  case,  as  subscript  for  case  properties 

-  Young's  modulus 

-  relative  volume  change:  aV/V  n  e#  + 

-  acceleration  due  to  gravity  32. 17  fpe 

-  case  thickness  «  b 

-  natural  logarithm,  base  e  2. 71 

-  pressure,  psi. 

-  radial  coordinate 

-  body  force  in  radial  direction,  as  for  example, 
centrifugal  force 

-  temperature  change  from  refe~;~  *  or  initial  temperature 

-  radial  displacement 

-  tangential  displacement 

-  axial  displacement 

•  axial  coordinate 

-  body  force  in  axial  direction,  e.  g.»  gravity 

-  coefficient  of  thermal  expansion 

-  shear  strain 

-  del  operator  for  differentiation 

2  2 

-  case  to  propellant  modulus  rato  ■  2bhEc/  [{b  -a  )  E] 

-  normal  strain 

•  tangential  coordinate  of  the  cylindrical  system 

-  body  force  in  tangential  direction 

-  shear  modulus  of  elasticity  ■  E I  [2(1  4  V)] 

-  Lame  constant  s  j/'E/  [(1  +  P  )(1  -  2  i> 

-  Poisson's  ratio 

-  specific  density  -  lbs/in^ 

-  normal  stress 

-  shear  stress 

-  stress  function 


CV 

* 


Bonded 
End  effects 
Necking  effect 
Plane  stress 
Plane  strain 
Second  order 

Small  strains 
St.  Venant 


Steady  flow 
Subscript  (*  ) 


•  adhesion  of  propellant  to  case 

-  effects  due  to  finite  length  cylinders:  s  a  o  ortaj, 

•  shrinking  of  cross-section  due  to  elongation 

-  no  stress  in  axial  direction:  a  o 

-  no  strain  (displacement)  in  axial  direction:  a  a  o 

-  a  smaller  quantity  which  is  proportional  to  square 
of  the  variable 

-  most  elastic  solutions  are  first  order  linear  theory 

-  strains  of  the  order  of  a  few  percent  for  linear  theory 

-  (a)  localized  effects  at  boundaries  die  out  as 

boundaries  are  remote 

-  (b)  simple  first  order  torsion  in  which  ends 

rotate  as  solid  disks 

-  temperature  distribution  constant  with  time 

-  used  to  indicate  two  solutions  simultaneously  - 
upper  sign  option  with  upper  subscript,  •  ie. 


CYUUPPtCAt-  EQUATIONS: 


bquiubbkjh  : 


+  ^  -  e  -o 


STOESS  -  stdaim  : 

fer*  ±  Ur -''«•+  «i>] 
*»>] 

£K- V<  tfV  ^  tf.)) 


y  =  la 

>»  t 


r  _  'ZVi 
•r**  ~ 


*<  . 


*M  *  -J? 


20*  V) 


OisPLACEMeuT : 


er* 


au 

ar , 


e# 


U.  .  )  3J£ 

r  r  »e 


a»r 

ax 


v  „-L  a«L ^  a£ 

*'•  t  ae  ar  r  » 


n» 


ax 


n» 


Compatibility  • 


v*^  -  o  , 


^  ■»  -funcTian 


■k. 


FOBHUUAt 


esouu~j&eioM 


tff-  €* 

»r  +  +  — — 


a 


25?+  &U  +  Xa. 
»r  T 


-♦  z, 


-of 


Uo  on  9,  £■_■«  T#i  «• 


fSTQAIM  -  OlSP>U.ACfiEM»V/T  : 


-  _  jo. 
*»*  , 


e,~  ~  , 


2“C 


?z 


•rt 


»■ 


( 5tre*»  —  strain  ralation  unch«njc4) 


STSISSS  FUWCTIOUAU  APDSOACM  (  AJO  Boor  KOaCK3)  J 

V**-o.  o*„X,  -**-*=£ 

<^r- -^r  [v  v**-  -§($i] 

«'.-SlV7‘4‘r  >r) 


«r 


(i+VJ  »> 
E  »T*>* 


«•  » 


O+V) 

£ 


9Z 


[0-2V)  V*4>*  -~~ 


u  ,-i!±22 -2jL 

H  »r»* 


0+v> 


_L  1 

r  ^r»*J 


PoawuuAt  it 


EGMJIL-tOQtUM 


lir^.  +  n  «•  o 

ar-  r* 


5TOA1VJ  —  dispuacsmsut  i 


«r- 


>» 

ar 


» 


aw 

3t 


PLAUS  STI2E3S  : 

PLAUa  STOAIW  •; 

dt-o 

€,-0 

«r--S-C4-Vtf.) 

M-C^)[<5.-(‘^w')  tfr] 

6«  <f,) 

H«nce,  Xo  Change  -plane  fttrefcS  into  plan*.  strain,  *ub»t;tut«. : 


-~yV  -for  E  an*  -~r  -f®r  v. 


STOKES  PuWJCTiOUAL  APPOOXVCUI  Q  UO  BODY  FOBCe): 

V4  <fr  »  o 


sr* 


-i-  ,a_ 
r  i>*“ 


'S'r-T#  - 


5!±  A  + 
r» 


2C 


4>*AlBr  +  fr‘ 


FORMULAS  DU. 
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PCJESSOtae  -  souid  cvu'udbo  -  with 


STOAtUS*  D»OLACBHeUT9  CASI 


«sba  [-  '*^»«**t»*i 

«  .  gK»(l»V  ■»«&*) 

w  =  (gitfjg;  [-  ♦  W-iw?)0-iOrJ 

UTrs  -  «><»>* 

(C*-  b*}*. 


A5BUMDTIOU3  - 

I.  Uo  «n<|  •ff«c'C* 

g.  klo  *h«ar  tranamittad  batwfien  oylindar  a^d  eaM, 


l~ZVKl-»V)  K1« 


a*. 


?■ *  •  i.  ■si: 


»oi*jo«qv  cotJDmoue 


'-iftrC-f) 


STOAHJ*  A  DiSPuACm-  uskjts; 


1 


g«-  »«*»  , 

a*-«ra* 


2Vt»*1V 

Cb^-^e 


~WO  0i»-4gfcJS>0»UAl.  F»l_-<XVJa  gTOMkl  : 

Oo*-«»~‘d3»f-y  condition*  A  «am«.  OKcapt  C(«>0:  jt  M.  Oj  £ 

arW  (T,  — ■  —  **b*tt.. 

f- »» 

STQAUJ5  A 

!  u—  ‘■  ■P.O-.Or  a-i 

'--- $2£[-— w  tb“v,E  rl 


assomptiow  : 


I.  Uo  «ri<4 


136* 


ir-  bV^-D1)  I  -plf-HC? 

r  c‘-  v  r* -r  c*-  W 

_ >VCft.-lO  •  .  *V-ftC 

c*-  *»*  T7  +  c’-b*  " 


•thaws  *  cx»P>i_ACKMtzfcj-r«  m  cam: 


*r-  -j5cpji;[0+H)bV(|>-  i>y^  + 

>u«Wdr-r«. 

S  ~fcr-'b;)e.'[~(l*  VOk>V(^- ^"F +0-KXf>V-Rc‘)J  ) 


w- 


aV«  (p'b*-  •P.c«> 

Cc*-  **>■« 

gV.C-pV-tcc*) 
'c*-b*)««  * 


I.  kl»  and  affact* 

3k.  Wo  «h«w  b»tw*»n  cylir^ar  And  o: 


BOgHULAK  P-g 


i-UOULOW 


bouuoaqv  co*Jorno*J*i 


ffr-Os  r«» 
u»u»:  r  «b 
5r»-p.:  r-C 
6.^0:  I-O,  i 


STQBMES  «U  UOLL.OW  CVLIUDBQ: 

,  _ gQ-»Qfc*H. _ _ 

^  (cVtfXH-V).?.*  2v)b»1 4.  [c‘+  d-gVc)W‘] 

y>  »  pr«»iur«  between  cylir-irfar-  and  caM. 

*=oca  tvjivj  cam: 

- ?! - 

I  +fa»-*.(l-2v1b»l  (>4V)K»> 

1  Ct*-a*X'-v«*)b» 

^  b*-* 

STRAtUC  *  DISPLACHHeUTS  aJ  CVLJMOtStaj 

o+v)!?*'  r,  _  .*  »*i 

(iwv)bVrfl 


0-*V)r+fl 


«T!3AUU«  *  DtSF»l_A<=«MRWT« 


+  (i-**X*V-*c*)) 

€»~-g£p35;[-  bV(tt.-PO^t+  O-e^'b'-U.c'j 
U ~ t~ bV(*~ tir 

AiMUMPTOM  : 

L  Uo  end 


f=OCt-WJl_A*  f»-»l 


pgessuQg-ucx  -L-Ow  cvuunro-iLrrsajAL  ppssslt 


Two.  PttHg»Jgte>»ag»i-  PuAMgt  stpbs s; 
bouudabv  cokomouS: 


r—» 

u  -  tt,, 

r-  o  : 

a;-o : 

r-e 

o;-o: 

x-o,  | 

fiTBE66E9  *J  UOLLOW  CVUIUOEat 


„  3fb'Ct>,--pO  I  ft  a*-  -pV 

>*  b*-»*  r* 

aV(t>-  Pi)  I  . 

b*-a*  r»  b‘-*f 


_ a  »*p; _ * 

[(»♦  V)a*  +  (|- V)b*)  +  i^^l.  V«)C*+(I-  VOb*l 

CC*“b  )®?t  ^  ^ 


foQ  *rv-Jikj  cAca : 


0'  = 


2  a* 


,.-i  .  (b’-a*)y 


[(i+v;a*+Ci-V)b*j+- 


STBA1U3  ♦  DtSPL-ACEMEEVJT*  fci  CVT-HJDtaa: 

e,=  [0+  wa'-vjj* + (1- vx^-P'b*)) 

r 

e,=  -^i-^[-(i+v)a,fc>*(p'--PO-p  +  C«- VX«V*-1»V>]  ) 


C  -  2£i&grgg>  , 
^  (b*-  a*)e 


ur~  g*/<^ar 
~  ~  lb*-  a’) 


FOPMULftS  t=»-IZ 


STCUWKtS  A  KtSPLACBMBJTS  MU  CAM 


u-fc£fe;[C'-^r+(.+v.)f) 

4T»“fcCfe>-»0+  <>♦*)-£)  ; 


g«U*P* 

<e*-b*)«. 


urm 


z**v' 

(c*-  t>*)H»  * 


ASSOMPDOUM 


141 


POESSUOE-UOLUOW  Or^JUDEEHUTEOUAL.  PCESSUOS-wmj  G0SE-CCOMT3 


TWO  OtMEKiSIOtOAU  PL-AkJg  STQAIU : 


I'OCJCA'JV  COMDITtOVJ»: 


U  >«  u« : 

r.—  o  : 

£t«0  : 


r-« 
r«»» 
rae 
x»o,  i 


•tombbs  m  wou-Ow  cyujdbo: 

+  *1*'-+:* 

r  b'~  a* 

-  n'bW-VQ  1  -ftV-py 

•  b*-»*  r* 

(r= 

*  W-aC 

a  0-  v>  *‘Jk. _ 

*  («•+  o-*v)b«]  +  rc.+  („«**.) 

p’ *•  pr"»»»ur-«  b>»Xwfturt  cyliojo**’  v>d  cam*. 


TOO  THIAJ  CA1 


t>'= 


2(i-V>a*1>i 


fa*-*-  (i-2v)b°]  +  Ct>*-a*)(i-y*)b« 
*■  J  (w-y)h*« 


Stqajjs  H.  DapuACKMetJ-rs  »j  cvuudbq: 

€r-  Vi)-L  +  0-zyK^-v‘^l 

>  U.— J«r  Jlr  =»  T«* 

£,=  O-zvXp^-T'b*)]  > 

FOBHULAS  F»-l^. 


uz- 


eB-b» 


■tcmikis  *  DiiPijiceHcsjr*  »j 


]  tc‘'^ 


(cN-bOK.) 


m 


t-  Uo  tnd  aff«et» 


(-g-i][o+ V)\0-2V)J  »}e!+ {[3-  V(I+  4it)^+(i+«}e«+  20- 


WUEBS 


__  gbh.  6c 

Cb*-a*)tt 


(TVJItJ  CASE) 


0+V)^(i-2y)^+ 1}  {[3- v(i+4i4>)||+(i+V^+*(i-i^ 


osj  Ko^jtsia 


(l+V)|(,-2v)^+1|e*+{(3,^|+4V£)}^+(t+v)}^+2(1_^)Or-1- 


i 


Bcxxjdaqv  couomcxis: 


<5,*  <5*. 


p 

A 


P 

r(b'-a') 


tfr  -  o  :  r-  a  ,  b 


x-o. 


■Par  solid  eylirdsi* 
i«t  a  — *  o 


STOAW9  : 


Dtspi_AeeMefcxrs : 


1.  U<=»  «'->d  •■C-C ect*  _  «;-tK»r~  and*  contTSCt  •» 

by  U.  or  WM.  conilj.r  only  region »  >  oCb-S)  -Cram 
cnals  (  St.  Vanant  ), 

S£.  tf*  ^i'a'tribo't«d  uniftrmly  over  and s  j  OK  s^uivalaWt 

with  same  "total  prassur*.  4  conswitr  only  regions 

>  O  Cb-a)  prom  and* . 


Small  s'trains  where  A  can  be  Consid 
constant  (no  necking  «fF«ct  )# 


igglgHgaggjggg 


BOUUDAnv  OOUOITOW9 


Tfc'-a*) 


u«  u,:  r»o 

STQBsa  ou  evL-tuDea 


For*  Solid 
e^lirdsr : 
let:  a-»  o 
through out 


Foa  TM1VJ  CASS  • 

«  _ _ »('-  g‘ _ 

STJ2AIU3  6  dispuacei-kuts  o*=  CYUUDED  : 

ec;)  *  -  E-j  V  («♦  v)-3! )| 


3TP2ESSES 

OU 

CA3fS  : 

tff-  «. 

6  -  **  V\ 

■0“ 

c*-b* 

rv 

POPMULM  T—  X 
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TEKJSIOU  -  SCH-JD  oa  MOt-LO1^  CYUUDgQ  -  WITU  CASE  -  BOKJD*=r> 
CYt-IUDEP  a  CASg  »g  TgkJSIOM  — (JUIF=OC2M  STPA1U 


booudaoy  coworrou*’. 
6r  -  o  :  -r-  a,  e 

u»  u.:  r«b 
hr*  >»rt:  z ~o,  £ 


p  _  tt Et>*-a*)  f.  +  (,c*-b*)  «"d 

A*  Hc*-a‘) 


(b*-  »*)<?.  -V  2  bh.  <TC 

b»-  a* 


[Thin  <=■»«! 


STRESSES  ou  ctuiudeq: 

fl",«  «■» 

0V”  ~v' :  r-b 


?'=*-• 


FOU  THU  cask: 

Vff.  -  it-Hr  a«- 


-p  — 


-^.[0- v>  T  (u  v)-£]  4-  -£fc 


STOAIUS  4t  BlSPLACEMBUTS  OT=  cvliudeq  : 

e(^  -  -  v  * + -£§-ic- v>  * c” *>  -£3} 


u»-^.Jv(r.r  +  -~jr[(t--v)r+  C'+vj^J 

UT  *  -5*-  Z 


formulas  t- 


~T~gUS 


CASS 


-  soup  oq  uollow  cvliudeq  -  wrn--i  cAse-Bompea 

TEJOSIOU  OP  CVLIUDEB  4J  TgU3IOM 


Se«  previocta  page*  "Por  Cylinder*  *  CAB*  both  in  tanaion 
»>d  wn'ffbrm  strain  : 

F!cq  casb  oui_v  *j  -rwastou  : 
u«t:  :  o;  -  O  *  u*  %  vJe 

Poo  cvuuDEsa  oaju.v  tbusiou  : 

Let :  0^*  o  4.  ur  4 

AsSOMPTIOkJO  t 

I.  VJo  and  effects. 

Z.  Smal  I  strains. 

9-  Shear  due  "to  ur  —  ur.  of  leaser  importance  Than 
matching  U«  U«  . 


T=QPMU1-AS  T-C 


DC2-SIQM  —  SOL-ID  OC2  UOL-L-OW  CVLJCJPET  ">-kJO  C 


bouuoabv  cOLcmous: 

xdr 
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3.  3.  3  Composlte,hollow  cylinder  of  K  layer*  under  internal  pressure. 

Inasmuch  as  it  is  often  of  interest  to  analyze  a  multi-layered  concentric  * 

geometry  and  hence  be  able  to  study  the  inclusion  of  a  liner  between  the  grain 

and  case,  or  a  radial  incrementally  cast  grain,  some  elastic  analyses  pertaining 

to  this  case  are  summarized^**  ^  by  Pister. 

Consider  the  nth  layer  of  a  long  right  circular  cylinder  where  we  let  rn 

denote  irner  radius,  p  pressure  at  r  ,  r  4-1  denote  outer  radius,  p  +  1  pressure 
ti  no  n 


where 


2  «■/*.« 


t3’zl’ 


N„=  r*) 


To  determine  stresses  end/or  displacements  in  the  nth  layer,  obtain  p  ,  p  +  1 

—  r  o  *  n 

from  the  solution  of  equation  (3.  3.  20)  and  use  in  conventional  cylinder  equations* 

setting  Pi  *  P  and  p_  »  p  For  plane  strain  replace  E  by  E  ftl-  ■V  j  and 

in  o  n  ▼  &  ‘  n  n  '  q  ' 

Vn  by  ’'n*1  *  V«J  * 

Example:  Internal  pressure  in  three-layer  cylinder 


L,  M,  N  can  be  evaluated  from  equation  (3.  3.21) 

Pressures  p^  p^,  p^  can  be  used  in  equations  given  in  Section  3.3.2 
for  the  determination  of  stresses  and  displacements  in  the  layers  of  the  cylinder.  In 
view  of  the  cumbersome  algebra  involved,  results  will  be  given  explicitly  only  for 
the  instance  in  which  the  outer  two  layers  are  thin. 


Plane  Strain 


V  - 
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(  Stresses'*  -n  cylinderf  8ame  aB  formula!  P-12,  P-14  in  Section  3.  3.2, 
t  Strains  i 
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using  above  value  of  p 
Stress  in  case: 


*1.  £j 

b  b  * 


Stress  in  liner: 
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<v 


b|  he,  tt« 
b  b  B| 


Discussion  of  Results:-  As  can  be  seen  from  the  expression  for  p  on  the 
previous  page,  presence  of  the  liner  does  not  affect  the  stress  distribution  in 
the  grain,  since  the  dominating  term  hcEc/bE  causes  the  fraction  (X.2-  1)/|[^^2 
to  vanish  for  typical  geometry  and  materials.  Accordingly,  the  liner  is  of  no 
significance  pressurewise,  as  long  as  the  ratio  hcEc/bE  remains  large,  as  it  will 
for  metal  cases.  In  the  event  that  non-metal  cases  with  significantly  lower  moduli 
are  used,  or  if  grain  stiffness  were  increased,  the  liner  could  become  important 
in  determining  stress  distribution  due  to  pressure. 


3.  3.4  Temperature  distributions  in  cylinders. 

The  thermal  stress  solutions  given  in  the  previous  Section  3.  3.  2- require 
knowledge  of  the  temperature  distributions.  Temperature  change**  in  propellants 
are  due  almost  exclusively  to  heat  conduction  and  the  (exotherm.  -  jr  endothermic) 
reactions  during  curing.  Tempera*-.-;  change  due  only  to  straining  is  inconsequential, 
whereas  radiation  dur  'ng  long  space  nights  may  be  more  detrimental  to  the  chemical 
composition  ox  the  propellant  than  in  heating.  At  any  rate,  we  shall  first  consider 
temperature  distributions  from  the  heat  conduction  equations  reviewed  in  this  section. 

While  temperature  distributions  are  generally  transient  in  nature,  the  stresses 
and  strains  can  often  be  calculated  assuming  elastic  response.  This  is  the  case 
when  the  mean  relaxation  time  of  the  material  is  appreciably  larger  or  smaller 
than  the  characteristic  time  for  thermal  diffusit  i  ,{  K.ot2)  (see  Section  3.4.5). 

Particular  mention  should  also  be  made  of  the  Rohm  and  Haas  articles^-  ^ 
and  those  of  Nichols  et  al  ^  dealing  with  thermal  conditions  during 

casting  and  curing. 
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3.  4  Discussion  of  Other  Design  Applications 

While  it  is  obviously  impossible  to  discuss  analysis  techniques  for  all  the 
various  design  configurations  which  might  be  proposed  for  solid  rocket  grains,  it 
is  pertinent,  nevertheless,  to  discuss  some  of  the  factors  which  will  be  encountered 
in  design  applications.  As  intimated  earlier  the  pressure  or  simulated  ignition 
loading  of  a  thick  walled  hollow  cylinder,  even  as  extended  to  star  grains  through 
the  use  of  concentration  factors  is  at  best  only  an  approximation  to  the  actual 
problem,  whether  treated  viscoelastically  or  elastically.  It  does,  however,  serve 
the  very  useful  purpose  of  conditioning  the  analyst's  intuition  which  then  permits 
him  to  make  judicious  extrapolations.  In  order  to  further  develop  this  background, 
it  is  therefore  advisable  to  investigate  other  cases  of  an  idealized  nature. 


3.  4. 1  Spherical  grains 


The  simplest  geometric  extension  of  the  hollow  cylinder  is  the  hollow  sphere. 
Here  again  it  is  possible  to  obtain  some  fairly  useful  results,  although  the  basic 
formulas  are  developed  for  the  complete  shell,  i.e.  no  port  is  considered  for  the 
exhaust  to  escape.  Such  discontinuity  effects  would  have  to  be  superimposed  upon 
the  basic  stress  distribution  later.  If  .he  inside  and  outside  radii  and  pressure  of 
the  hollow  sphere  are  a  and  b^  ,  and  p^  and  pfl  respectively,  the  following  relations 
have  been  deduced^' 

Pressure  loading.  -  For  an  uncased  elastic  sphere,  one  has 

_  .  b  . 

* - ta'tAf-o -  ’  13 

0-.  4. 

a  Hr)*  (>?-•) 


(3.  4.  2) 


(3.  4.  3) 


If  there  is  a  thin  reinforcing  case  of  wal.  .hickness  h  and  modulus  Ec  and  Poisson's 
ratio  4/  ,  and  the  sphere  is  subjected  to  uniform  internal  pressure,  the  pressure 
at  the  propellant  case  interface,  p,  is 

j> _ 3(l-V) _ 

V  ~  20-2*/)  A? -Km-  v)  ■+■ 

*”  >seh 


(3.  4.  4) 


-178- 


wbich  for  a  rigid  case,  Eb/Ech  «  1,  reduces  for  an  incompressible  material  to 

->  <3.4.5, 


as  it  should.  These  formulas  can  be  compared  with  the  similar  ones  for  the  hollow 
cylinder  and  certain  associations  can  be  drawn,  particularly  the  occurrence  of  tho 
X3  factor  instead  of  X*. 

Thermal  loading.  -  Consider  the  situation  of  uniform  temperature  rise.  AT. 
of  the  entire  case  bonded  assembly.  The  equivalent  interface  pressure  on  the  graiiv 
allowing  for  a  thin' liner  with  properties  denoted  by  primes,  is 

zp  ('-$■)+ 

- - - x  1  ~  4/ r  Ec  h 

2E«AT  '2(l'-2»’)A*-Kl-»«')  (l-j'QEb/tEth)'*  {3.  4. 6) 

A* -I  +  I-S4.  ttV 

1- 

For  a  mechanically  rigid  case  {E.,  -*■  co), 

P  (A*_i)[l-  (*e/«0] 

- : - -  - - th -  {5  4.7* 

2E<*AT  2(  I- 2*0 X*+ ('-*•»)  1 

with  an  associated  strain  at  the  inside  radius 
6  lal=, 

•  2  (  I—  2  *0  A?  •+(  i-t-  v) 


(3.  4.7) 


(3.  4.  8) 


If  one  has  the  case  of  steady  heat  flow  through  the  grain,  such  that  the  case 
is  at  a  temperature  T0  and  the  inside  at  a  temperature  T^,  such  that  the  temperature 
distribution  is 

Aa  _  j 


T=  (Ti-T.) 


there  results,  at  the  interface,  a  pressure  of 

_  UV-Q>?  •+**—» _ 

EoaTi-T.-)-  (l-*O[2(l-2*0  *?+  l-td'] 


(3-  4.9) 


{3.  4.10) 


3.  4. 2  Spherical-cylindrical  junctions. 


One  problem  which  has  continually  caused  difficulty  is  the  stress  field  where 
the  cylinder  and  head  end  joins.  The  actual  problem  is  tremendously  complicated 
by  the  star  intersections;  consequently  at  ihc  present  time  one  can  only  hope  to 
estimate  the  order  of  magnitude  of  the  stresses  by  a  knowledge  of  the  cylinder  and 
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spherical  solutions  independently,  and  the  gross  moment  across  the  wall  estimated 

from  thin  shell  theory.  (The  pressure  stress  concentration  factors  for  the  cylindrical 

(3.  41 

grain'  "  '  are  expected  to  be  conservative  if  applied  to  spherical  sections.) 

.(2.11 1 

Durelli'*'*  ',  however,  has  recently  obtained  some  photoelastic  data  for  this 
combined  geometry  with  web  fractions  of  the  order  of  fifty  percent  which  should 
provide  at  least  one  check  point  for  engineering  estimates. 

Outside  of  photoelastic  tests,  it  does  not  seem  possible,  at  this  time,  to 
obtain  very  accurate  estimates  of  stresses  ir.  this  geometry  when  it  is  further 
complicated  by  star  cut  outs  and  igniter  ports.  The  analyst  will  have  to  continue 
relying  upon  indirect  inferences  of  the  stress  field,  including  the  proper  use  of 
concentration  factors  for  related  geometries  as  developed  by  Neuber^**^  and 
Peterson^' 

3.  4.  3  Environmental  and  handling  loads. 

The  usual  engineering  consideration  be  given  to  handling  and  shipping 

loads,  whose  assessment  is  frequently  compile?'  •*)  by  potential  thin  shell  instability 
of  the  assembly.  Another  problem  of  concern  is  the  effect  of  vibration  upon  the 
grain  and  the  grain-liner  bond  during  shipping.  Some  exploratory  work  along  these 
lines  has  been  reported  by  Baltrukoni  s^‘ 

In  the  sense  that  gravity  force  is  environmental  loading,  one  could  consider 
the  problem  of  slump  during  storage  within  this  category.  Two  basic  problems  of 
interest  arise  when  the  gravity  vector  is  vertical  and  horizontal.  The  first  of  these 
ha6  been  treated  by  Knauss^'*^,  which  will  be  discussed  subsequently  in  connection 
with  failure  criteria,  and  the  second  has  recently  been  analyzed  by  Lianis^' 

It  is  felt  that  sufficient  initial  information  is  now  available  to  demonstrate  the  methods 
of  analysis  which  should  be  employed,  as  well  as  providing  some  preliminary  design 
data.  It  should  also  be  mentioned  that  the  slump  problem  during  storage  is  closely 
relate*’,  from  the  analysis  standpoint,  to  the  acceleration  inertia  problem.  This 
aspect  of  the  problem  has  also  been  included  by  Knauss,  whose  solution  permits 
estimates  of  grain  deformation  when  the  base  of  the  grain  is  bonded  or  free  f.'Om 
the  base  support.  His  work  also  comments  upon  the  use  of  gelatin  models  for 
visualizing  the  state  of  deformation. 
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3.4.4  Buckling  stability  of  motor* 

One  other  problem  associated  with  grain  slumping,  which  might  be  mentioned, 
is  that  due  to  the  stabilization  of  the  shell  by  the  low  modulus  propellant.  It  may  bo 
noted  that  the  bonding  restraint  at  the  case  wall  may  lead  to  a  different  mechanism 
of  buckling  than  for  simple  internal  presr are  in  the  thin  shell  due  to  the  interface 
shear.  As  might  be  expected,  the  buckling  strength  of  the  shell  is  increased.  In 
one  investigation,  Goree  and  Nash^'  found  the  buckling  stress  in  axial  com¬ 
pression  to  be  increased  from  5  to  65  percent  with  increase  of  R/t  ratio  (R  *  shell 
radius,  t  ■  thickness)  from  .  333  to  .  667.  The  modulus  ratio  was  of  the  order  of 
105.  lr.  certain  design  applications  therefore,  the  '.‘signer  may  be  ip  a  position  to 
take  advantage  of  the  increased  rigidity. 

3.  4.  5  Thermal  loadings 

The  problem  of  thermal  cycling  i<-  one  of  the  most  difficult  of  those  facing 
the  analyst.  It  is  important  to  review  the  kinds  of  problems  which  can  be  solved 
in  a  relatively  straightforward  manner,  and  then  discuss  those  which  are  nearly 
intractable.  There  are  two  problems  for  which  present  theory  is  adequate  and 
useful  information  can  be  deduced. 

Steady-state  approximation.  -  T^  first  of  these  pertains  to  a  grain  assembly 
whose  temperature  is  very  slowly  changed.  In  this  case  the  temperature  distribution 
is  known,  namely  AT  a  constant,  and  any  mechanical  stresses  arise  solely  from  the 
differences  in  the  coefficients  of  thermal  expansion  of  the  component  materials.  In 
the  special  case  of  a  long  tubular  grain,  this  loading  is  equivalent  to  a  uniformly 
distributed  interface  pressure  (Section  3.  3.  2,  formula  AT-7) 

E  [0+V)a-(l+Vc)dc3  AT 

T*  ~  (i-sObE-  (3.4.11) 

tb--  a')  K*-. 

and  is  thus  reducible  to  a  pressure  loading  for  which  analyses  and  concentration 
factors  are  available^'  ^ 

The  second  problem  is  that  of  a  steady-state  temperature  distribution  such 
as  imposed  by  constant  temperatures,  TQ  and  on  the  outside  and  inside  re¬ 
spectively  .  Thus,  whereas  the  former  temperature  distribution  was  constant  In 
both  the  time  and  space  dimensions,  this  latter  one  corresponds  to  one  which  in 
constant  only  in  time.  The  interaction  of  temperature  and  mechanical  properties 
is  thus  confined  to  allowing,  for  example,  £>E  [T(r,  o)1  which  requires 
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essentially  that  the  governing  differential  equation!  r,<-  u  include  coefficients  which 
become  space  dependent,  but  nevertheless  are  still  linear.  Such  analyses  have 
been  conducted  in  the  past,  particularly  in  connection  with  gun  barrel  design; 
contributions  have,  for  example,  been  made  by  Hilton^-  Furthermore,  the 
time  independent  feature  implies  an  elastic  stress-strain  law.  Hence  this  problem 
also  can  be  solved  in  a  reasonably  accurate  and  practical  manner,  and  previously 
obtained  concentration  factors^*  ^  may  be  used. 

A  rough  idea  of  the  magnitudes  of  strain  and  case  bonding  stress  can  be 
obtained  through  use  of  the  steady  state  elastic  solution  for  a  tubular  grain  with 
temperature  independent  properties.  For  a  case  bonded  grain  in  plane  strain 
subjected  to  a  temperature  TQ  on  the  outside  and  T.  on  the  inside,  the  temperature 
distribution  is 


~r,  Jin  (-y)  -+T;.  Jtw 

M-to 


(3.  4.12) 


The  interface  pressure  at  the  case  bonding,  assuming  an  incompressible 
propellant  is  (Section  3.  3.  2,  formula  aT-7)* 


3+- 


ITU  ~ 


(3.4.13) 


where  cx  and  o.  are  the  linear  thermal  expansion  coefficients  of  the  case  ana 
c  2  Z 

propellant  respectively,  mc  the  effective  case  rigidity  Ech/  2(1  —  ){X,  -1)  b}  , 

\  b  b/a,  and  the  temperature  for  zero  strain,  say  the  cure  temperature. 

Similarly  the  strain  at  the  internal  surface,  us*,  'ul  in  determining  low  temperature 

operating  limits  is  * 


e#Ca)  = 


3 

2  |  •+•  JL™£ 

lT*-T4t 

■{>***35 


3C>?- 


(3.4. 14) 


which  may  be  multiplied  by  the  concer.*ration  factor  KtK  for  an  internally  slotted 

-  (3.19)  g 

grain' 


*  T."'e  expressions  for  interface  pressure  and  strain  at  the  internal  surface  which 
are  g.ven  on  page  e7  of  reference  4.2  are  in  error;  the  above  equations  (3.4.13) 
and  (3.  4.  14),  should  be  used  instead. 


182- 


If  the  inside  snd  outside  temperatures  of  a  50  percent  web  fraction  grain 

are  the  same,  but  aT°F  below  T_,  one  finds  a  tensile  stress  at  the  bond  of  the 

R  _ 

order  of  (^(b)  ~  10  el  E/h,('  or  approximately  50  psi  per  100  F  temperature  drop. 
Without  allowing  for  a  concentration  factor,  the  internal  tensile  strain  maybe  of 
the  order  of  10  percer*  per  100°F  temperature  drop.  Thus,  conditions  at  either 
the  bond  or  the  internal  surface  may  be  significant  upon  cooling.  Geckler^3'^*^ 
has  also  observed  that  transient  considerations  upon  heating  from  the  lower  temper¬ 
atures  lead  to  thermal  stresses  of  sizeable  magnitude  near  the  star  points  which 
may  also  contribute  to  grain  cracking.  Also,  Zwick^3’  '  has  shown  that  when  the 
temperature  of  the  shell  is  suddenly  changed,  elastic  stresses  are  monotonic 
functions  of  time,  and  hence  the  maximum  stresses  occur  either  initially  or  finally. 
However,  if  and  when  this  is  true  for  a  viscoelastic  material  requires  further  study. 

General  transient  problem.  -  The  general  problem  of  thermal  strain  analyst* 
involves  first  the  knowledge  or  determination  of  the  transient  temperature  distribution. 
As  mentioned,  Geckler^3'  ^  has  charted  certain  transient  data  for  hollow  cylinder^ 
Nichols  and  Presson^3'  ^  have  determined  the  transient  temperatures  during  curing 
cycles  including  the  heat  sources  due  to  the  chemical  energy  of  polymerization.  In 
this  more  general  case,  therefore,  the  temperature  depends  upon  both  space  and 
time;  specifically,  the  dashpot  viscosities  and  ice  the  stress-strain  law  change* 
with  time.  It  is  this  temperature  dependence  of  the  material  properties  which 
causes  the  increased  complexity  since  the  governing  differential  equations  then  have 
coefficients  which  are  both  space  and  time  dependent.  In  addition,  time  dependent 
strains  may  result  from  either  of  two  diffusion  type  processes:  transient  temperature 
variations  or  viscoelastic  material  behavior.  Unfortunately,  it  is  not  clear  a  priori 
that  one  effect  will  always  dominate  to  the  extent  that  analytical  simplicity  may  be 
achieved  by  always  neglecting  one  with  respect  to  the  other;  although  some  limits, 
based  upon  th*  validity  of  elastic  appro  Umations,  have  been  discussed  in  Section 
3.3.  1.  The  only  complication  which  does  not  enter  is  that  the  characteristic 
burning  rate  of  propellants  usually  exceeds  the  thermal  diffusion  rate,  so  that  when 
a  pressurized  grain  is  burning  out,  the  temperature  distribution  in  the  unburned 
propellant  remains  essentially  unchanged  and  only  the  viscoelastic  pressure  stresse* 
need  be  calculated. 

Returning  to  the  sensitivity  of  mechanical  properties  to  temperature,  it  i* 
found  that  even  if  an  assumption  of  linear  viscoelastic  behavior  is  valid,  there  is 
in  general  no  associated  or  equivalent  elastic  problem  such  as  exists  in  the  tempera¬ 
ture  independent  problem.  Morland  and  Lee^3'  ^  haw  re.  cntly  analyzed  thi* 
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situa};.on,  incorporating  a  time -temperature  shift  function.  It  provides  the  relation 
between  physical  time  and  a  dimensionless  reduced  time,  t*;  namely 

=  \."KLT(ioI  (3.4.15a) 

Note  that  when  temperature  is  constant  in  time, 

if— fer  <3-4-la’> 

which  corresponds  to  the  notation  in  Section  2.5.  Hence  for  materials  following 
this  shift  law,  one  would  deduce  that  the  characteristic  stress-strain,  time-tempera¬ 
ture  dependent,  law  for  linearly  viscoelastic  media  could  be  written  in  the  same 
form  as  discussed  in  earlier  sections  except  that  the  reduced  time  t*  would  be  used 
instead  of  t. 

However,  while  the  coefficients  in  the  stress-strain  law  are  constant  using 
the  reduced  time,  the  equilibrium  and  compatibility  relations,  in  their  usual  linear 
form,  are  a  function  cf  the  physical  time  t.  It  is  when  the  stress-strain  law  is 
written  in  physical  time,  or  alternately,  the  equilibrium  law  is  written  in  reduced 
time,  preparatory  to  solving  a  particular  analytical  prob’  im,  that  complications 
arise.  To  illustrate  the  difficulties,  consider  a  special  case  following  from  Morland 
and  Lee's  formulation;  an  infinitely  long  hollow  thick-walled  cylinder,  symmetrically 
loaded.  Furthermore  assume  that  the  propellant  material  is  viscoelastic  in  shear 
only,  remaining  elastic  in  bulk  or  dilatation  response.  The  following  equations 
then  apply. 


Equilibrium; 

0rn#*4(r,t> 

(3.  4.16) 

Compatibility: 

er,s  =  4tr,t> 

(3.  4.17) 

Stress-strain: 

- 

Dilatation- 

crr+  cr.  -t  a*  =  3K[er+ e.-t-  £,- 3*  (T--T«yj 

(3.  4. 18) 

K  *  bulk  modulus,  constant 

Shear-  [  a. 

■ -  +a-l -  *  ■  +  b*l  <£r- e.) 

(3.4.19) 

a  ,  b  =  experimental  material  constants 
n  m 

w 

Upon  assuming  for  example  a  plane  strain  configuration  which  prescribes  c  , 

and  using  the  stress-strain  law  to  express  p  in  terms  of  the  remaining  four 

z 

unknowns  <Tr,  cr#  •  er  and  ,  the  above  four  equations  are  sufficient  to 
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determine  the  solution,  using  of  course  t'  *  ^  du/K[T(u)]  where  the  time 

dependent  temperature  distxibution  is  presumed  known  from  a  previous  solution  of 
the  heat-conduction  problem. 

For  analytical  simplicity,  Morland  and  Lee  investigated  the  steady  state 
situation  T  =  T(r)  with  an  assumption  of  individual  mechanical  and  thermal  incom¬ 
pressibility,  i.  e.  4  E#  4  £t«0  and  oi  ■  0  respectively.  In  this  case  and 

for  plane  strain  (  £x  »  0),  one  had  £r  a  -  8^  and  both  strains  were  easily 
determined  in  physical  time  using  the  compatibility  equation,  e.g.  Ef  a  F(t)/r  . 
The  stresses  were  then  investigated  using 


sovovt) 

Sr 


CTr(r,tl- 


(3.  4.  20a) 


Tfriy  at" 


-  a, 


►][<rr(r,t)-<r. 


(3. 4. 20b) 


for  Kelvin  and  Maxwell  models.  The  essential  feature  here  is  that  the  Laplace 
transform  technique  could  still  be  employed,  if  desired,  to  solve  a  set  of  partial 
differential  equations  with  variable,  spacewise  but  not  time-wise,  coefficients. 

With  perhaps  a  more  appropriate  assumption  for  propellant  materials, 
which  are  to  the  first  approximation  mechanically  incompressible  but  with  a  finite 
coefficient  of  thermal  expansion,  one  might  assume  a  Poisson’s  ratio  of  one  half. 

If  further,  a  plane  strain  assumption  €z  ■  (T-T^)  is  employed,  approximate 

equations  for  this  situation,  including  non-steady  state  temperature,  can  be  deduced* 

15-  +  Or.LS  »0  (3.4.21a) 

sr  r  w 


(3.4.21b) 


q^.4-  2  k  Ier-+  e*  -  z«(,T-T»y)  (3.4.21c) 


*  Actually  the  coefficient  in  the  dilitation  stress-strain  law  becomes  3K/(l4  s') 
where  y  ,  in  the  Laplace  transform  representation,  stands  for  a  time  dependent 
operator  ratio.  On  the  other  hand,  V  —  \  for  propellants  so  this  approximation  is 
introduced  for  simplicity  in  the  equations  to  yield  2K»  a  constant  by  hypothesis 
ignoring  the  fact  that  a  consistent  use  of  V  m  |  would  require  K,  elastically  equal 
to  E/3(l-2V  ),  to  be  infinite. 
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a.K-<V>  -  [*.£.  *  •  h.)lV  *.> 


(3.4.22) 


where  it  is  now  observed  that  the  strain  analysis  cannot  he  conveniently  separated 
from  the  stress  analysis.  As  previously  noted  the  last  equation  has  constant 
coefficients  only  in  the  associated  time,  t*,  and  if  written  in  terms  of  the  physical 
time  becomes  a  partial  differential  equation  with  both  spacewise  and  timewise 
complicated  coefficients.  Aside  from  the  curing  problem,  these  are  the  type 
equations  which  must  be  solved  to  study  the  thermal  cycling  problem. 

While  a  numerical  solution  of  these  equations  may  be  called  for,  it  is  in 
order  to  inquire  as  to  possible  limit  cases  of  practical  interest.  As  mentioned 
earlier,  two  diffusion  type  processes  are  involved,  first  the  thermal  diffusion 
characterized  by  terms  such  as  T  ~  e  ,  and  second  the  viscoelastic  de— 

_t'  _  *  . . 

formation  responding  to  u»  e  t  =  «  ku,Tt  so  that  a  consideration  of  the  typical 
time  constants  1K(T)  and  (  Koi*  J*1  or  their  ratio  -  relaxation  time  to  heating 
time  -  becomes  pertinent. 


-4=  KCT)T  * 

— N 


(3.  4.23) 


If  a  hollow  tubular  grain  is  at  zero  initial  temperature,  i.  e.  reference  value, 
and  the  case  at  r  *  b  is  raised  to  a  temperature  T0  while  the  internal  temperature 
at  r  *  a  remains  at  zero,  the  transient  thermal  distribution  is  (see  Section  3.  3.4) 

jr\  * 

-irZ  J,(aot"^- - [ X Cr=OY.l boO - Y. Cr*  J.Cbcto]  (3. 4.24) 

T*  In  (.4)  J  1 


where  K.  is  the  diffusivity  and  ot  are  the  roots  of 

n 

Y.(b<0-  Y.fadO  =  o 


(3.  4.25) 


Carslaw  and  Jaeger  tabulate  these  roots.  For  a  50  percent  web  fraction,  b/a  *  2, 
and  oi'  d  «  3.  12,  6.  27,  9.  42  respectively  for  n  *  1,2,3. 

1)  R 

For  example,  if  (T)  is  of  order  one,  then  choosing  the  lowest  eigenvalue  of 
the  temperature  distribution,  oC\  =  3.  12,  a  characteristic  propellant  diffusivity 
of  10  ft  /sec,  and  assuming  medium  sized  grains,  say,  two  foot  diameter  or 
larger,  one  has  approximately  t^/tjj  ~  10  •  Considering  that  characteristic 

relaxation  times  range  in  the  order  of  seconds  or  less,  one  concludes  that  most  of 
tb  viscoelastic  deformation  relaxes  much  faster  than  the  temperature  is  changing, 
unless  the  particular  propellant  relaxation  spectrum  is  heavily  weighted  in  the 
longer  times. 
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It  may  be  justifiable  then  to  proceed  upon  the  assumption  that  the  temperature 
distribution  is  quasi-steady,  T  =  T(r,t0).  With  this  assumption,  a  Laplace  transform 
of  the  sh-tar  stress  strain  equation  with  respect  to  physical  time  may  be  taken,  and 
an  associated  elastic  problem--with  space  varying  temperature  dependent  properties — 
can  be  formulated,  and  in  principle  be  inverted  to  give  the  desired  result.  This 
type  of  analysis  is  similar  to  that  proposed  by  Hilton^*  except  a  Fourier  trans¬ 
form  was  suggested  in  order  to  make  use  of  the  complex  modulus  representation. 

By  way  of  concluding  this  section,  it  may  be  said  that  if  the  characteristic 
loading  or  diffusion  times  t^  are  large  or  small  compared  to  the  relaxation  time 
t^  then  thermoelastic  analysis  with  or  without  space  varying  temperature  dependence 
may  be  applied  with  a  reasonable  expectation  of  success.  If,  however,  these  times 
are  of  the  same  order,  then  one  would  attempt  to  introduce  first  a  quasi-steady 
temperature  distribution  and  proceed  with  the  viscoelastic  analysis.  On  the  other 
hand,  in  the  vicinity  of  the  transition  region  when  t_  •*.  t„,  a  combined  transient 
viscoelastic  analysis  is  necessary1  '  .  At  the  present  time  only  approximations  * 

to  this  situation  can  be  attempted  pending  further  study  and  improvements  in 
appropriate  analysis  techniques. 
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It  has  been  repeatedly  emphasized  in  the  previous  sections  that  a  complete 
analysis  of  the  structural  behavior  of  a  solid  propellant  rocket  motor  includes  not 
only  a  stress  or  strain  analysis,  but  also  a  failure  analysis.  Whereas  we  have 
previously  aimed  primarily  at  investigating  methods  of  estimating  the  stresses  or 
strains  in  a  viscoelastic  propellant  material  due  to  prescribed  applied  loads*  we 
now  propose  to  treat  the  companion  problem  of  predicting  the  maximum  imposed 
loading  at  which  either  excessive  deformation  or  fracture  threshold  is  reached. 

In  facing  this  problem,  there  are  several  difficulties  to  be  wercome, 
some  of  which  are  beyond  present  capabilities.  Basically,  most  present  failure 
data  has  been  obtained  using  uniaxial  specimens  tested  to  failure  at  a  constant 
strain  rate.  It  remains  to  be  seen  whether  such  data  may  be  used  in  situations 
where  the  strain  varies  signi  cantly  with  tme,  as  during  firing  of  the  rocket. 

Aside  from  the  correlation  u.  multiaxial  and  uniaxial  stress  fields,  some  sort  cf 
strain  rate  weighting  factor  will  probably  have  to  be  incorporated  in  order  to  as¬ 
sociate  failure  at  an  arbitrarily  varying  strain  rate  with  that  at  constant  strain 
rate.  One  such  hypothesis  will  be  proposed.  Another  important  aspect,  particu¬ 
larly  as  it  pertains  to  fracture,  is  the  implication  of  the  analytical  simplicity  in¬ 
troduced  by  the  infinitesimal  deformation  assumption.  Most  fracture  analysis, 
even  for  rubbery  viscoelastic  media,  is  conducted  neglecting  squares  of  the  strain 
compared  to  the  strain  itself.  It  is  expected  that  significant  trends  will  be  re¬ 
vealed  satisfactorily,  but  more  sophisticated  analysis  will  be  required  before  a 
definite  quantitative  measure  of  this  assumption  can  be  obtained.  Finally,  it 
should  be  recognized  that,practically  speaking,  rubbery  materials  are  essentially 
elastic  all  the  way  to  fracture,  and  hence  an  elactic  or  visco-elastic  analysis,  in¬ 
cluding  large  strain  effects  if  necessary,  is  appropriate  without  having  to  consider 
plastic  or  visco-plastic  effects. 

4. 1. 1  Deformation  criteria 

Turning  ,iow  to  failure  considerations,  there  are  two  basic  structural  engi¬ 
neering  criteria,  deformation  and  fracture.  By  the  way  of  example  in  solid  pro¬ 
pellant  applications,  they  are  exemplified  by  slump  and  grain  cracking,  respective¬ 
ly.  Generally,  the  first  of  these  is  tied  in  rather  closely  with  ballistic  perform- 
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ance  and  storage  procedures,  that  is  to  say,  a  maximum  permissible  deformation 
without  fracture  ie  more  or  less  arbitrarily  prescribed.  If  this  is  the  case,  it  be¬ 
comes  a  simple  matter  to  complete  the  analysis  by  finding  the  loading  or  time 
corresponding  to  that  state  when  this  deformation  is  reached  by  applying  the  visco¬ 
elastic  analysis  techniques  previously  developed. 

One  illustration  is  the  situation  wherein  a  second-stage  rocket  grain  may  be 
fired  vertically  and  subjected  to  inertial  loading  for  short  periods,  say,  of  the 
order  of  minutes.  On  the  other  hand,  the  grain,  perhaps  for  logistic  reasons,  may 
be  stored  vertically  for  extended  periods,  and  in  this  condition  also  subjected  to 
vertical  gravity  forces  but  over  a  considerably  longer  time.  Both  of  these  situa¬ 
tions  require  the  prediction  of  time  dependent  deformations  --  the  first  under  n-£ 
gravity  loading  for  short  time,  the  second  for  one  g  loads  over  long  time. 

An  elastic  approximation  for  such  a  condition  has  been  given  by  Knaus^4,  ^ 
wherein  it  is  shown  that  the  inward  radial  constriction  of  a  thick-walled  case- 
bonded  cylindrical  grain  at  the  base  depends  upon  the  support  conditions.  If  the 
base  is  completely  unsupported,  the  throat  area  does  not  choke  at  all,  but  takes  up 
the  general  deformation  pattern  shown  in  the  sketch.  On  the  other  hand,  if  the 
base  is  rigidly  supported,  there  will  be  a  choking  tendency  as  shown.  Its  magni¬ 
tude,  in  the  particular  case  where  the  web  fraction  was  fifty  percent,  was  found  to 


SUPPOBTBO 


(4. 1. 1) 


where  Aa/a  is  the  relative  change  in  port  radius,  p  the  density  (pci)  of  the  pro¬ 
pellant,  and  n  the  number  of  times  gravity  load.  To  examine  the  effect  upon  bal¬ 
listic  performance,  one  could  compute  the  relative  change  in  port  area  AAp/Ap 
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to  be  twice  the  above  figure.  The  previous  calculation  is  based  upon  an  elastic 

analysis,  when  E  is  the  elastic  modulus.  One  approximation  to  th<?-  time  dependent 

C4. 21 

deformation  for  incompressible  materials  can  be  obtained'  '  '  by  replacing  E  by 
its  viscoelastic  equivalent,  which  for  a  three  element  model  gives 

(*•*’.  2i 

where  it  may  be  easily  checked  that  for  long  times  E  -*■  Ee»  the  rubbery  modulus, 
and  for  short  times  E  the  glassy  modulus.  Alternately  one  may  approximate 

the  tensile  creep  compliance  Dc?p(t)  s  £{t )/  CT0»  using  a  form  similar  to  that 
derived  for  the  relaxation  modulus  from  a  modified  power  law  distribution  function 
(2.  4. 85).  which  is 

PcryW"  +  K(— ^  .  (4.1.3) 

which  for  long  and  short  times  checks  the  elastic  and  glassy  compliances  D.  and 
Dg  respectively,  and  in  the  transition  region,  t  -«-K»  gives 


^w=d£+(v^[i+ 


(4.1.4) 


consistent  with  the  relaxation  modulus  value  (2.  5.  4).  In  this  case,  one  may  use 
(4.  1.  3)  and  write 

**  40  *bn  **•►<*>  (4. 1.5) 


From  the  experimental  standpoint,  it  would  also  be  approximately  correct  to  use 
uniaxial  tensile  strain  creep  data  at  constant  stress  as  Ocrp(t)  in  (4. 1.  5) 

In  any  event,  the  relative  amount  of  choking  is  seen  to  depend  upon  the 
mechanical  properi.es,  including  the  characteristic  relaxation  time.  If  therefore 
the  maximum  permissible  blockage  were  specified  as  the  design  criterion,  one 
could  compute  the  time  at  which  it  would  be  exceeded  for  a  given  gravity  load.  A 
reasonably  large  grain,  for  example,  might  have  an  upper  bound  of  approximately 
ten  percent  per  g  at  room  temperature. 

Slump  may  also  occur  during  environmental  storage  of  a  grain  in  the 
horizontal  position.  This  situation  has  recently  been  considered  by  Lianis^**  ^ 
and  the  results  may  be  used  in  a  similar  fashion  as  those  above  to  predict  defor¬ 
mation  configurations. 
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The  analysis  given  is  approximate,  but  is  presented  to  make  the  point  that 
if  a  deformation  criterion  is  imposed,  it  is  merely  necessary  to  refine  the  appropri¬ 
ate  deformation  analysis  to  the  accuracy  desired  for  the  prediction.  As  the  procedure 
is  straightforward,  although  not  necessarily  simple  in  a  given  problem  because  the 
strain  analysis  itself  is  complicated,  no  additional  remarks  upon  the  deformation 
criterion  will  be  included  at  this  time. 

4.1.2  Fracture  criteria 

In  contrast  to  deformation,  the  mechanics  of  fracture  requires  a  fundamentally 
different  type  of  investigation.  Fracture  first  occurs  on  the  microscopic  scale 
where  the  medium,  particularly  for  filled  propellants,  is  non-centinuous.  Hence 
the  analysis  techniques,  based  as  they  are  upon  the  assumption  of  a  macroscopic 
continuum,  are  r<ot  valid  at  the  point  of  fracture.  For  this  reason  the  problem  of 
fracture  analysis  is  markedly  more  complicated  inasmuch  as  it  requires  a  knowledge 
of  molecular  behavior  not  smoothed  out  by  the  macroscopic  averaging  process.  On 
the  other  hand,  it  has  proved  possible  to  determine  certain  extremely  useful  gross 
fracture  characteristics,  for  example  uniaxial  tensile  strength  as  a  function  of 
strain  rate  and  temperature.  From  the  engineering  standpoint,  it  is  desirable  to 
extend,  empirically  if  necessary,  such  limited  information  on  special  test  samples 
to  more  complex  geometries  such  as  a  star  grain. 

The  general  requirement  for  such  a  correlation  is  by  no  means  new,  although 

a  precise  statement  for  viscoelastic  materials  has  not  been  particularly  emphasized. 

(4  4) 

Nadai'  *  enumerates,  for  example,  several  different  fracture  criteria,  primarily 
as  used  in  the  study  of  metals,  and  it  is  worth  restating  them  here.  Each  criterion 
defines  some  particular  functional  of  the  stress  field  or  strain  field,  the  value  of 
which  is  to  be  determined  empirically,  because  molecular  theories  of  strength  are 
not  advanced  to  the  point  of  calculating  such  limits  theoretically.  "When  the  appropri¬ 
ate  functional  is  exceeded,  the  associated  yield,  rupture,  or  fracture  takes  place. 
Seven  such  criteria  are  listed  below: 

a)  the  maximum  principal  stress 

b)  the  maximum  principal  strain 

c)  the  maximum  principal  stress  difference  (or  shear  stress} 

d)  the  maximum  principal  strain  difference  (or  shear  strain) 

e)  the  maximum  total  strain  energy 

f)  the  maximum  distortional  strain  energy 

g)  the  maximum  conserved  distortional  strain  energy 
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Criteria  (a)  and  (b)  utilize  the  fact  that  the  maximum  stress  (strain)  at  any 
point  in  the  material  is  the  largest  of  the  three  principal  stresses  (strains),  ffj, 

*2’  r3  (ei*  ei'  *3)  at  P0*04*  In  simple  and  biaxial  tensile  fields,  these  func¬ 
tional*  are  identical  with  the  yield  or  ultimate  stresses  and  strains  for  these 
fields  respectively. 

Criteria  (c)  and  (d)  stem  from  the  observation  that  many  materials,  par¬ 
ticularly  those  which  evince  ductile  fracture  (sometimes  known  as  shear  fracture) 
do  so  along  a  pair  of  planes  or  a  cone  lying  in  the  direction  of  greatest  shear. 

The  maximum  shear  stress  has  the  value  jj-  (e^  -  c^)  and  is  obtained  on  a  plane 
inclined  45°  to  the  direction  of  the  principal  normal  stresses.  This  criterion  is 
not  suitable  for  mathematical  formulation  since  it  is  necessary  to  determine  first 
the  maximum  or  minimum  stresses  (or  strains). 

An  alternate  criterion  based  on  a  mean  value  of  the  principal  stress  dif- 
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fercnces  was  proposed  by  von  Mises'  *  .  This  takes  the  form 

fz'cy.  -  V  l«r.-  c (CT,-  (4. 1. 6) 

and  is  termed  the  mean  deviatoric  stress.  For  both  simple  uniaxial  tension 
and  biaxial  tension,^  is  identical  with  the  yield  or  fracture  stress.  For  pure 
shear  on  the  other  hand,  the  yield  stress  turns  out  to  be 

The  mean  deviatoric  stress  (or  strain)  has  not  been  listed  as  a  separate 
criterion  proposed  by  Huber  and  Hencky^'  They  observe  that 

_  cr*  _  {c, -  ffaf+  { Q  g,)V  ( c,  -  cr,)m  (4.1.7) 

This  mean  deviatoric  stress  is  also  3/Y3” times  a  quantity  known  as  the  octahedral 
shear  stress.  The  total  strain  energy  listed  under  (e)  was  proposed  by  Baltrami 
and  Haigh^*'^.  It  does  not  prove  satisfactory  since  there  is  no  correlation  be¬ 
tween  behavior  in  pure  shear  and  in  pure  hydrostatic  compression.  The  con¬ 
served  distortional  strain  energy  refers  to  the  -rergy  stored  in  a  viscoelastic 
or  plastic  material,  i-e.  over  and  above  what  has  been  dissipated.  The  theory 
of  application  of  this  criterion  is  still  not  in  a  satisfactory  state. 

The  important  point  to  note  is  that  no  universal  fracture  criterion  haa 
been  established,  and  that  the  success  of  a  given  fracture  hypothesis  depends 
in  large  measure  upon  the  material  with  which  it  is  associated. 

In  the  case  of  elastomers,  in  contrast  to  metals,  it  is  necessary  to  extend 


the  usual  concept  of  brittle  and  ductile  failure.  Ductile  fracture  is  metals  is 
characterized  by  irrecoverable  distortion  and  permanent  set,  analogous  to  the 
behavior  of  an  uncrosslinked  polymer  which  also  evinces  unlimited,  unrecov- 
erable  flow.  On  the  other  hand  crosslinked  polymers,  the  type  ordinarily  em* 
ployed  as  propellant  components,  recover  completely  from  straining  almost  all 
the  way  to  fracture  even  though  the  strain  at  failure  may  reach  several  hundred 
percent  compared  to  elastic  brittle  failure  in  metals  of  only  a  few  percent,  hi 
the  remainder  of  this  section  therefore,  we  shall  restrict  the  discussion  to 
crosslinked  polymers,  and  shall  use  the  term  elastic  fracture  as  the  large  strain 
analog  of  small  strain  fracture  customarily  referred  to  as  brittle.  In  either 
case,  however,  the  stress-strain  relation  is  elastic,  or  potentially  viscoelastic, 
with  the  distinguishing  feature  being  the  strain  magnitude  at  failure.  With  this 
understanding  therefore  a  propellant  material  might  have  a  brittle  fracture  below 
the  glass  temperature  but  an  elastic  fracture  above  it.  It  still  remains  however 
to  deduce  which  of  the  various  criteria  is  appropriate  for  predicting  the  fracture. 

Inasmuch  as  no  exhaustive  investigation  of  fracture  criteria  for  elastomers  has 
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been  reported  to  the  authors'  knowledge,  although  Rivlin  and  Thomas'  *  'have 
proposed  an  important  extension  of  the  Griffith  fracture  criterion  which  will  be 
discussed  later,  it  would  appear  that  the  proper  approach  is  to  examine  test 
data  in  conjunction  with  certain  of  the  aforementioned  criteria,  and  inquire  if 
any  of  them  give  reasonable  correlation. 

The  following  paragraphs  therefore  will  present  a  summary  and  discussion 
of  some  current  and  proposed  tests  and  their  correlation,  after  a  restatement  of 
some  of  the  germane  characteristics  of  elastomers.  Before  continuing,  it  is 
appropriate  to  define  the  terms  elastomer  and  polymer  as  used  in  this  text. 

A  polymer  is  a  network  of  long  molecular  chains  which  may  or  may  not 
be  tied  together  chemically.  An  important  characteristic  of  all  long  chain  struc¬ 
tures  is  the  glass  transition  temperature  T^  above  which  polymers  behave  rub¬ 
berlike,  and  below  which,  glasslike.  If  the  polymer  chains  are  not  tied  together 


chemically,  the  structure  is  termed  a  plastic--a  brittle  plastic  belo-v.  T^  and  s 
rubbery  plastic  above  T  .  The  extent  of  the  elastic  deformation  evinced  prior 
to  flow  to  rupture  in  the  rubbery  plastic  is  markedly  a  function  of  interchain 


entanglement  and  therefore  of  chain  stiffness  or  structure. 


If  on  the  other  hand  the  polymer  chains  are  tied  together  chemically. 


the  structure  is  termed  an  elastomer  or  rubber--a  brittle  rubber  below  T  and 

S 

a  rubbery  rubber  above  T  .  The  extent  of  the  elastic  deformation  evinced  prior 
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to  rupture  in  a  rubbery  rubber  is  markedly  a  function  of  chain  length  between 
crosslinks,  and  is  not  markedly  sensitive  to  chain  structure. 

Both  rubbers  and  plastics  become  increasingly  viscoelastic  as  the  tempera-, 
ture  is  lowered.  In  general,  rubbers  have  lower  glass  transition  temperatures 
than  plastics,  and  so  become  viscoelastic  and  then  brittle  in  lower  temperature 
ranges  than  plastics. 


4.  2  Material  Characteristics  of  Amorphous  Elastomers 

A  composite  solid  propellant  is  a  highly  filled  rubber.  Ballistic  missile 
logistics  demand  that  the  filler  be  oxidatively  energetic  in  order  to  deliver  high 
specific  impulse  during  the  combustion  processes.  The  current  science  of  pro¬ 
pellant  chemistry  has  narrowed  the  inventory  of  such  useful  oxidizers  to  com¬ 
binations  of  ammonium  perchlorate  and  alum.num.  In  this  combination,  the 
aluminum  serves  to  prevent  cvrr-oxidation  of  the  rubber  fuel  and  at  the  same 
time,  by  virtue  of  its  high  exothermic  heat  of  combustion,  overcomes  the  dis¬ 
advantages  imparted  to  the  exhaust  gas  by  its  high  molecular  weight. 

Rheological  studies  have  shown  that  it  is  expedient  to  incorporate  the 
filler  as  a  trimodally  distributed  agglomerate  of  particles,  ranging  from  one  to 
250  microns  in  diameter  with  the  mean  size  occurring  at  about  30  microns.  Single 
crystal  studies  have  shewn  that  the  aluminum -rubber  bond  in  tension  is  approxi¬ 
mately  90  psi,  and  that  of  the  oxidizer  rubber  about  30  psi.  Since  the  tensile 
strength  of  a  filled  rubber  lies  in  the  range  20  to  200  psi  at  room  temperature,  it 
is  seen  that  the  filler-binder  interaction  contributes  an  important  feature  to  the 
mechanical  behavior  of  such  composites..  Because  of  its  relatively  high  bulk 
and  shear  moduli,  the  filler  may  be  assumed  to  be  absolutely  rigid. 

The  binder,  according  to  current  standards,  is  a  synthetic  rubber,  negli¬ 
gibly  crystalline,  with  a  molecular  weight  between  juncture  points  anywhere 
from  10  to  100,000.  These  juncture  points  may  be  branch-points  at  which  a  tri¬ 
or  tetra-functional  monomer  has  been  incorporated  into  a  condensation  polymeri¬ 
zation  system;  or  they  may  be  crosslinks  effected,  not  by  vulcanization,  but  by 
mixed  condensation-addition  polymerization.  The  mechanical  properties  of  the 
binder,  without  its  filler,  are  not  the  same  as  those  of  the. pure  rubber.  The 
polymerization  process  is  markedly  affected  by  the  presence  of  the  filler. 

Needless  to  say,  the  mechanical  properties  of  such  a  composite  are  a 
quite  complicated  function  of  the  properties  of  the  binder,  of  the  volume  fraction, 
particle  size  distribution,  and  adhesion  of  the  filler.  In  order  to  understand  the 
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fracture  mechanics  of  such  a  system,  it  is  appropriate  to  study  first  the  fracture 
mechanics  Of  unfilled  rubbers,  and  then  study  the  modifications  produced  by  var¬ 
ious  degrees  of  filler.  In  carrying  out  this  comparison,  it  is  extremely  important 
to  remember  that  the  filler  not  only  modifies  the  mechanical  properties,  but  also 
the  molecular  structure  of  the  binder,  so  that  it  is  necessary  to  understand  how 
the  mechanical  properties  of  a  rubber  depend  upon  molecular  structure. 

Finally,  before  proceeding  with  this  study,  it  is  appropriate  to  ask: 
what  are  the  important  modifications  introduced  by  the  filler?  Experimental 
studies  on  propellants  have  shown  three  differences  from  unfilled  rubbers. 

First,  the  tensile  properties  of  filled  rubbers  are  very  different  from  their  com¬ 
pression  properties.  Secondly,  yield  occurs  in  a  series  of  steps;  it  may  be  neces¬ 
sary  to  distirguish  among  several  types  of  yield.  For  example,  it  may  be  impor¬ 
tant,  from  the  ballistic  viewpoint,  to  define  yield  as  the  point  at  which  the  propel¬ 
lant  has  become  porous  enough,  by  virtue  of  mechanical  strain,  to  increase  its 
burning  rate  beyond  a  safe  value.  This  critical  porous  strain  may  be  less  than 
the  strain  at  which  mechanical  failure  will  occur.  Thirdly,  relaxation  of  stress 
progresses  long  after  the  rubber  component  has  relaxed  to  its  rubbery  modulus; 
this  indicates  that  a  reshuffling  of  the  adhesion  bonds  and  positions  of  filler  par¬ 
ticles  is  a  continuing  process. 

The  next  sections  discuss  the  elastic  fracture  of  rubbers  and  unfilled 
binders. 

4-2.1  Unfilled  non-viscous  elastomers 

As  the  title  of  this  section  indicates,  the  materials  with  which  we  are  deal¬ 
ing  store  energy  reversibly  until  fracture.  This  behavior  is  associated  with  very 
low  or  very  high  rate  straining  of  elastomers.  During  fracture, energy  is  released 
which  can,  in  principle,  be  accounted  for  by  the  kinetic  energy  and  surface  energy 
imparted  to  the  new  crack.  The  crack  acts  as  a  point  of  stress  concentration  but 
the  local  stress  far  away  from  the  crack  will  remain  below  the  yield  stress  of  the 
material  and  thus  continue  to  store  energy  elastically  until  the  crack  propagates 
through  the  material,  at  which  time  all  the  remaining  strain  energy  will  be  con¬ 
verted  into  kinetic  energy.  Cracks  per  se  will  not  be  considered  at  this  point 
but  some  insight  into  the  failure  of  unfilled  elastomers  can  be  gained  by  considering 
the  ultimate  behavior  of  uniaxial  tensile  specimens. 

Examples  of  unfilled  elastomers  are  natural  rubber,  butyl  rubber,  styrene- 
butadiene  rubber  (SBR,  formerly  GRS),  and  polyurethane  rubber.  All  such 
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rubber*  evince  large  shear  deformation*  prior  to  yield  or  cracking,  and  should 
therefore  be  characterized  by  a  theory  which  allow*  for  large  deformation*.  The 
simplifications  of  small  strain  theory  not  withstanding,  some  progress  assuming 
large  strains  is  possible  for  the  usual  uniaxial  tensile  specimen  failures.  R'vlin 
^*'*^  has  shown  that  the  strain  energy  of  a  unit  volume  of  undeformed  rubber  may 
be  appropriately  expressed  as  a  function  of  three  strain  invariants,  which,  for  an 
incompressible  material,  assume  the  form: 

I,«  -t  (4. 2.  la) 


I  „  '  +  J_+  J_ 

*  ^7  **.  a*. 


T,« 


(4  2.1b) 
(4. 2.1c) 


where  X .  is  the  extension  ratio  of  the  coordinate  acted  on  by  the  normal  stress 

i  '  i 

Application  of  the  principle  of  virtual  work  leads  to  the  stress-strain  relation*  in 
terms  of  the  true  stress  rj: 


•at 


:1 


(4.2.2) 


where  1c  is.  in  general,  a  function  of  the  coordinates,  but  not  of  the  strain  invar¬ 
iants. 

In  order  to  use  (4. 2. 2).  if  is  necessary  to  understand  the  nature  of  the  strain 
energy  density  function  W,  and  in  particular,  to  procure  an  analytical  representa¬ 
tion  which  holds  as  close  to  rupture  as  possible.  We  shall  take  as  our  type  mater¬ 
ial.  for  this  study,  unfilled  natural  gum  rubber  vulcanizate,  the  simple  stress- 
strain  curve  for  which  is  reproduced^*'  in  Figure  4. 1.  It  is  characteristic  of 
natural  rubbers  that  they  possess  a  sharp  increase  in  stress  beyond  500% elonga¬ 
tion.  Most  synthetic  rubbers  break  near  this  elongation. 

An  empirical  method  for  rectifying  simple  tensile  data  obtained  on 
incompressible  elastomers  is  based  on  the  following  observations.  The  initial 
portion  of  the  stress-strain  curve  is  fairly  well  represented  by 

CT=  E  («-£)=  (4.2.3) 


*When  shear  forces  as  well  as  normal  forces  are  acting,  the  \.‘s  are  replaced  by 
a  set  of  appropriate  strain  tensors.  In  what  follows,  (4.  2. 2)  will  suffice. ' 


which  is  equivalent  to  plotting  the  data  versus  the  true  stress  <r,  i.e 


(4.2.4) 


Note  that  for  large  extension  ratios  (4. 2.S)  approaches  the  limiting  value  rsE. 
In  order  to  provide  for  the  rapid  increase  in  stress  with  later  portions  of  the 
curve  at  large  strain,  (4. 2.  3)  may  be  modified  more  or  less  arbitrarily  to 
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X* 


(4.2.5) 


which  reduces  to  (4.  2.4/  for  p  ■  ^  at  small  strains. 


(4.  2.6) 


One  can  use  (4.  2.5)  in  plotting  the  data  (Figure  4.2)  as 

+  <4-2'7> 
where  it  is  observed  that  the  stress  in  kg/cm2  is  given  by 


or-  7.39^-e0*,tlK-^ 

A  > 

l<X<6 

(4.  2. 8a) 

C^o.7os-^-e°-B0^-*>  3 

X>6 

(4.  2.8b) 

We  proceed  to  define  X  »  6  as  a  yield  point  and  observe  that  the  modulus  after 
yield  is  reduced  by  slightly  more  than  a  factor  of  10,  indicating  that  the  network 
resistance  has  been  drastically  lowered.  Since  modulus  is  proportional  to  cross 
links  per  unit  volume,  we  infer  that  the  loss  in  cross-link  concentration  arises 
from  the  slippage  or  tearing  of  entanglements,  and  that  only  the  true  chemical 
crosslinks  remain  to  offer  resistance.  Support  for  this  inference  is  deduced 
from  the  observation  that  the  exponential  factor  now  behaves  more  like  X2  than 
X  ,  since  0  has  doubled.  This  means  that  the  load  rather  than  the  true  stress  is 
proportional  to  strain,  the  proportionality  constant  now  behaving  like  a  spring 
constant;  lateral  effects  have  suddenly  become  unimportant;  the  network  loops 
now  offer  little  or  no  resistance. 

The  exponential  factor  exp  p(X-X”*)  is  not  amenable  to  quadrature  and  so 
the  area  under  the  curve'in  Figure  4.  i  was  evaluated  stepwise  by  Simpson's  Rule 
and  the  resulting  strain  energy  plotted  in  Figure  4.  3.  This  smooth  monotonically 
increasing  function  of  X  is  nicely  rectified  by  plotting  W  vs  (1^-3)  as  network 
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theory  demand*,  (Figure  4.4).  Again  note  the  yield  at  X  *  6.  Below  yield, 

the  strain  energy  function  ia  closely  approximated  by 

^(1.-3)  =  0.883  (X,- 3)  (4.2.9) 

so  that  the  shear  and  Young's  moduli  are  approximately  1.76  kg/cm^  and  5. 28 
kg/cm*  respectively;  this  is  a  somewhat  lower  value  than  that  obtained  from 
Figure  4.  2,  but  this  is  so  because  in  (4. 2. 8}  a  higher  value  of  £  i*  needed  to 
compensate  for  p  *  i;  in  other  words,  only  the  initial  portion  of  the  tensile  curve 

L  4 

can  be  represented  in  the  form  (4.  2. 8)  with  p  *  an<i  £  »  5.  28. 

4. 2.  2  Filled  non-viscous  elastomers 

The  most  striking  difference  between  filled  and  unfilled  elastomers  is  the 
so-called  blanching  phenomenon  or  pullaway  of  the  binder  from  the  filler.  As 
indicated  in  the  introduction,  this  makes  for  three  observations.  First,  the  pull¬ 
away  occurs  in  steps,  undoubtedly  depending  upon  the  distribution  of  adhesion 
bond  strengths  between  oxidizer  and  binder.  Second,  it  does  not  occur  in  com- 
pression.  Third,  after  pullaway,  relaxation  not  of  the  network,  but  of  the  strain 
energy  located  at  the  surface  of  the  void  spaces,  occurs.  This  is  demonstrated 
by  the  fact  that  a  typical  filled  rubber,  after  three  months  at  constant  strain 
(30$,  might  relax  its  modulus  from  500  psi  to  5  psi.  And  then,  upon  complete 
recovery  of  the  applied  strain  at  the  end  of  a  second  three  months,  will  resume 
its  initial  modulus  minus  the  contribution  that  arose  from  the  adhesion  to  the 
filler.  If  this  cycle  is  repeated  a  second  time,  the  modulus  will  relax  and  return 
to  nearly  the  same  value. 

Because  of  this  reversible  shuffling  back  and  forth  of  the  filler  particles, 
it  follows  that  the  time  rate  of  change  of  the  local  stress  distribution  in  a  filled 
rubber  must  be  quite  complicatsd  and  that  the  rupture  criterion  may  be  signifi¬ 
cantly  more  complex  than  that  wl  ch  is  proposed  above  for  an  unfilled  rubber. 

One  can  start  by  neglecting  relaxation,  i.e. ,  working  with  short  time  data.  On 
this  basis  then,  the  curvature  of  a  tensile  stress  curve  is  to  be  ascribed  entirely 
to  pullaway  effects  without  reshuffling.  The  modulus  decreases  because  adhesion 
bonds  are  broken  and  because  the  propellant  dilates.  This  dilation  effect  is  shown 
in  Figure  4.5  where  Poisson's  ratio  is  plotted  -ersus  axial  strain,  the  local 
strains  having  been  carefully  measured  photographically.  Figure  4.6  shows  how 
the  modulus  is  increased  in  the  region  of  negative  strain  or  compression.  The 


question  arises:  what  sort  of  elastic  behavior  \s  evinced  by  such  a  material  when 
it  is  subjected  to  combined  tension  and  comp  .  ession? 

Effect  of  orthotropic  moduli.  A  relative../  simple  case  arises  in  the  pres* 
surization  of  an  infinitely  long  hollow  unbonded  tube  of  propc'Jant,  internally 
pressurized,  the  analysis  of  which  will  be  pursued  here.  Since  the  algebra  is 
quite  involved,  only  the  essential  features  will  be  sketched.  It  is  thought  that 
this  type  of  analysis  will  become  increasingly  important  as  the  nature  of  the  pull* 
away  effect  becomes  more  completely  understood. 

As  a  result  of  internal  pressurization,  all  radial  and  axial  elements  cf  the 
propellant  tube  are  in  compression.  The  hoop  elements,  however,  are  in  tension 
so  that  an  orthotropic  response  may  occur.  Jaeger  shows  that  for  such  a 


case,  where  the  orthotropic  material  properties  are 

coordinates,  the  stress-strain  relations  are 

with  respeetto  cylindrical 

0*®  c»c»'*-Cller+c1>eB  5 

C^rr, 

(4. 2.10) 

crr  *  c„  e,  +  c„  er  (c„-  2  c^e.  , 

or,  =  C„  €,  -+  (c„-  2^  6r  -*•  c„  e,  , 

Bv  analogy  with  isotropic  theory,  we  have 
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(4.  2. 11) 

<=»»  *  A^-l-2 m 
C.t  —  Atc 


C„  *  Ace  -*-?* 

Since  the  hoop  direction  is  the  only  one  in  tension,  is  the  coefficient  that  one 
would  measure  in  triaxial  tension  so  that  (Cjj-2p)  is  indicated  by  the  Lame  con¬ 
stant  with  a  double  subscript  T.  Likewise,  {C^-2p)  is  the  Lame  constant  one  gets 
from  triaxial  compression,  and  is  designated  by  the  double  subscript  C.  The 
coefficient  is  interaction  coefficient  which  could  be  measured  in  mixed 
triaxial  compression  tension,  i.e.  ,  pulling  in  one  direction  and  squeezing  on  the 
two  sides.  In  the  isotropic  case,  the  constants  reduce  to 

C1§-2/<  =  <=„  =  c.,-2/*  =  K- ~M  (4.2.12) 

where  K  is  now  the  hydrostatic  bulk  modulus  in  compression.  In  the  problem  at 
hand,  we  have 


which  leads  to 
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strain  concentration  factor  is  defined  by  the  ratio  of  -M.I  to— i  , 

’  rla  r»w 

k.  =  ^k~  _  [k+ -§?■]( by-* 

•  k  ^  2  k 


2k 


(4.2. 23) 


for  a  thick-webbed  shell.  In  the  isotropic  case,  where  k  «  1,  (4.2.23)  reduces 
to  the  correct  expression  • 

The  same  treatment  can  be  applied  to  the  case-bonded  propellant.  It  will 
be  necessary  in  this  and  many  other  situations  to  solve  for  the  point  at  which  the 
hoop  stress  changes  sign.  By  following  this  procedure,  one  can  avoid  trial  and 
error  techniques.  In  general,  problems  of  this  nature  will  best  be  solved  with 
the  aid  of  digital  computational  aids.  Before  programming,  however,  it  will  be 
necessary  to  determine  the  strain  energy  function  for  the  propellant  in  both  com¬ 
pression  and  tension.  The  theory  of  finite  elastic  deformation  of  anisotropic 
materials  has  been  presented  by  Green  and  Zerna^'^^  so  that,  in  principle, 
the  pullaway  effect  can  be  handled  all  the  way  to  rupture  if  the  strain  energy- 
density  function  is  known. 


4.3  Uniaxial  Test  Data 

Considering  the  implied  necessity  for  obtaining  material  property  data  for 
fracture  investigations,  such  as  the  strain  energy  density  function  just  mentioned, 
it  is  appropriate  to  review  some  of  the  current  tests  commonly  being  conducted, 
and  their  applicability  to  the  problem  at  hand. 


4.  3. 1  Standard  variable-strain  rate  lusting 

By  far  the  largest  accumulation  of  data  relates  to  fracture  under  simple 
uniaxial  tension.  For  solid  propellant  materials  these  tests  have  normally  been 
conducted  on  standard  JANAF  specimens  (Figure  2.29)at  variable  strain  rates 
and  temperatures.  One  common  testing  machine  is  the  Instron  tester  which  will 
impose  constant  crosshead  motion  through  a  range  of  speeds  from  0.  02  to  20 
inches  per  minute,  over  a  temperature  range  between-100°F  and  160°F.  The 
output  of  the  machine  is  an  automatically  recorded  force-time  trace  to  fracture 
(Figure  4.7)  which  provides  the  basic  experimental  information.  Depending  upon 
the  iragnitude  of  strain  to  fracture,  the  data  is  converted  into  plots  of  nominal 
or  true  stress,  i.e.  force  divided  by  original  or  actual  cross  sectional  area, 
versus  strain.  The  accuracy  of  the  latter  quantity  is  frequently  open  to  question 
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because  the  elongation,  or  croasbead  separation,  is  not  distributed  evenly  over, 
the  specimen  length  and  some  "effective  length"  must  be  selected.  It  is  common 
practice  to  use  an  effective  length  of  2.7  inches  for  the  JAHAF  specimen.  It  has 
been  noted  in  an  earlier  section  however  that  Baldwin^’  has  had  some  success 
in  using  a  square  flat  end,  bonded  specimen  which  reduces  the  amount  of  flow 
near  the  grips  and  hence  removes  part  of  the  gage  length  indeterminacy. 

The  uncertainty  in  the  basic  data  emphasizes  the  desirability,  and  near 
necessity,  of  developing  local  strain  indicating  devices  for  low  modulus  materials. 
Several  improvements  along  these  lines  have  been  attempted,  such  as  using  gage 
marks  near  the  center  of  longer  specimens,  or  circle  patterns  distributed  over 
the  length.  While  some  increase  in  accuracy  has  been  reported,  the  data  serve 
also  to  indicate  in  many  cases  a  basic  nonhomogeneity  in  strain  distribution  due 
to  the  filler  particles  in  the  propellant. 

Neglecting  nevertheless  these  important  experimental  refinements  and 
working  only  with  the  reduced  experimental  stress-strain  data,  one  turns  next 
to  the  problem  of  organizing  the  extensive  test  information  for  many  temperaturec 
and  strain  rates  in  useful  form.  Presuming  for  the  most  part  that  maximum 
stress,  and  strain  at  maximum  stress,  £m>  are  the  more  significant  quan¬ 
tities  Smith  has  shown  for  a  wide  variety  of  polymers  that  a  very  reasonable  cor¬ 
relation  of  ultimate  tensile  properties  can  be  obtained  if  the  data  are  plotted 
against  the  logarithm  of  a  reduced  time  parameter  (see  Section  2.5)  a^H,  where  - 
R  is  the  constant  strain  rate  at  which  the  test  was  conducted  and  a^  is  the  Wil¬ 
liams,  I^andel,  Ferry  (WLF)^'  temperature  shift  factor,  (2.5.6) 


Log  aT  =* 


C,(T-T») 


(4. 3. 1) 


a^>  can  also  be  interpreted  as  the  ratio  of  the  time  to  measure  some  phenomena 
at  temperature  T  to  the  time  to  measure  the  same  phenomena  at  the  reference 
temperature  T(.  This  relation  can  also  be  cast  in  the  Tobolsky  form  (2.5.5). 

A  set  of  his  typical  strain  data  is  shown  in  Figure  4.8,  and  similar  stress 
data  in  Figure  4.9.  Note  in  the  latter  case  the  stress  has  been  normalized  by  a 
temperature  ratio  because  polymer  theory  predicts  a  linear  increase  of  retractive 
forces  with  absolute  temperature.  Both  sets  of  data  were  normalized  as  described 
in  section  2.5  by  using  the  temperature  shift  *  :tor,  experimentally  deduced  from 
separately  shifting  (i)  strain  at  ultimate  stress  data,  (ii)  maximum  stress  data, 
and  (iii)  modulus  data,  and  finding  all  three  agreed  if  Cj  «  -8.86,  C^*  101.6 
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and  «  269°K  (2.  5.6).  That  auch  a  convenient  and  near  universal  correlation 
exists  for  ultimate  properties  is  extremely  useful,  and  among  other  things,  per¬ 
mits  one  to  predict  with  fair  precision  the  uniaxial  tensile  fracture  behavior  over 
wide  ranges  of  strain  rate  and  temperature  from  a  limited  set  of  test  data. 

Figures  2.25-2.27  show  some  typical  data  for  the  tensile  modulus,  ultimate 
stress,  and  ultin  ate  strain  of  various  propellant  compositions  in  order  to  indicate 
the  range  of  properties  to  be  anticipated  at  different  strain  rates  and  tempera¬ 
tures.  It  should  be  emphasized  however  that  marked  deviations  from  these  data 
may  be  expected  for  particular  compositions  of  ingredients  within  the  class  pre¬ 
scribed. 

Before  passing  on  to  a  consideration  of  fracture  under  multi -axial  load 
conditions,  it  should  be  observed  that  the  temperature  shift  correlation  is  rea¬ 
sonably  well  founded  experimentally  but  that  the  limited  strain  rate  capability 
of  the  Instrcn  tester  is  not  particularly  well  suited  for  verifying  the  correlation 
over  wide  extremes.  This  may  be  noted  in  Figure  4.8  where  the  test  data  at 
various  temperatures  barely  overlap.  One  would  feel  much  more  confident  if, 
for  example,  the  open  circle  (160°F)  data  obtained  over  the  l/Ra^.  range  5  to  8 
could  be  extended  to  lower  values  by  increasing  the  strain  rate,  hei  ct  lower 
1/Ra.p,  at  the  same  160°F  temperature.  Bearing  in  mind  however  the  limitation 
of  the  tester,  approximately  20  inches  per  minute  cross  head  motion  maximum, 
it  is  impossible  to  fulfill  this  desire  without  changing  the  specimen,  which  would 
not  be  particularly  acceptable. 

4.3.2  High  strain  rate  testing 

The  obvious  answer  is  to  inquire  if  higher  rate  testers  would  be  available. 
Several  have  been  developed.  One  of  these  is  the  Allegheny  Instrument  Company 
device^'  which  is  generally  well  known.  Another  is  one  developed  by  E.  I. 

Du  Pont  de  Nemours  and  described  in  a  recent  paper  by  Jones  Basically 

this  latter  machine,  which  achieves  high  loading  rates  by  means  of  a  controlled 
explosion  of  smokeless  powder  in  the  head,  can  strain  JANAF  specimens  up  to 
approximately  200,000  inches  per  minute.  While  it  is  premature  to  generalize, 
indications  from  this  and  other  high  speed  tester  work  are  that  the  theoretical 
WLF  shift  factor  for  ultimate  fracture  of  tensile  JANAF  specimens  is  sufficiently 
valid  for  engineering  purposes. 
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4.4  Multiaxial  Testing 

Inasmuch  as  the  uniaxial  testing  procedures  for  simple  JANAF  tension 
specimens  are  well  known  and  data  reduction  techniques  widely  disseminated, 
the  subject  has  been  rather  shortly  dismissed.  On  the  other  hand,  from  &  struc¬ 
tural  standpoint  as  distinguished  from  the  quality  control  objective,  the  important 
subject  of  the  fracture  behavior  of  viscoelastic  materials  subjected  to  biaxial 
and  triaxial  loadings  needs  considerable  amplification,  but  suffers  from  lack  of 
experimental  data.  At  the  present  tune,  it  is  proposed  to  discuss  some  possible 
experiments  in  this  area  with  particular  emphasis  upon  their  suitability  for  solid 
propellant  materials  and  due  regard  for  testing  equipment  convenience. 

4, 4.  A  Pressurized  tensile  teste 

Perhaps  one  of  the  simplest  extensions  of  the  present  uniaxial  tensile  test 
using  the  Instron  tester  is  to  enclose  the  specimen  in  a  leak  proof  container  filled 

with  air  or  liquid  maintained  at  an 
arbitrary  compressive  pressure. 
Within  the  same  criticisms  of  the 
basic  test  with  no  external  pressure, 
a  triaxial  tension-compression 
stress  field  can  be  imposed.  Sup¬ 
pose  that  the  geometry  is  as  shown 
on  the  sketch.  Then  the  stress  and 
strain  analysis  for  the  central  portion 
of  the  specimen  subjected  to  the  uni¬ 
axial  tensile  stress  gives 
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(4.4.1) 

(4.4.2) 


H=0i-ktr  ; 

One  would  expect  therefore  an  apparent  uniaxial  modulus  for  this  triaxial  field  of 

(4.4.3) 


■  l-jyk 

where,  because  in  the  tests  as  described  k  is  negative  corresponding  to  a  com- 
pressive  stress,  the  apparent  modulus  would  be  smaller  than  the  uniaxial  modulus. 


For  small  strains  it  would  in  principle  be  possible  to  deduce  the  (elastic)  value 
of  Poisson's  ratio. 

As  in  the  former  case,  these  tests  could  be  conducted  at  various  strain 
rates  and  temperatures. 


4. 4.  2  Poker  chit 


Another  test  that  may  be  conducted  with  relative  ease  consists  of  cementing 
a  thin  circular  disk  of  propellant  between  two  parallel  end  faces  of  two  circular 
steel  plates  being  subjected  to  tension.  The  softer  disk  sandwiched  between  the 
harder  bars  will  be  restrained,  because  of  its  thinness,  from  its  U3ual  contrac¬ 
tion  perpendicular  to  the  load  and  hence  generate  a  triaxial  tension  stress  field. 

The  elementary  analysis  for  this  case  may  be  made  by  assuming  the  disk 
infinitely  thin  such  that  the  external  radius  is  sufficiently  far  from  the  center  to 
assume  the  only  non-zero  displacement,  w,  is  in  the  axial  direction.  Under 
these  conditions,  one  is  led  to  deduce  for  small  deformations 
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(4.4.4a) 

(4.4.4b) 


so  that  the  apparent  axial  modulus  becomes 
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where  it  may  be  noted  that  for  propellants,  which  are  characteristically  nearly 
incompressible,  i.  e.  ,  *>  -  -j,  the  triaxial  tension  approaches  hydrostatic  with  a 
consequent  infinite  apparent  axial  stiffness. 

A  fairly  extensive  and  revealing  investigation  into  the  use  of  this  test  for 

an  incompressible  rubber  has  been  reported  in  two  papers  by  Gent  and  Lind- 
»  (4  19_4  20) 

ley  *  .  When  one  attempts  to  improve  the  analysis  outlined  above,  the 

major  difficulty  arises  in  determining  the  stresses  and  strains  throughout  the 
disk.  Whereas  the  previous  analysis  assumes  the  edges  are  infinitely  far  from 
the  center,  in  the  actual  test  piece  there  will  be  a  local  necking  of  the  propellant, 
however  slight,  as  the  assembly  is  subjected  to  tension.  When  this  effect  is 
accounted  for  the  analysis  becomes  considerably  more  complicated.  For  an 
incompressible  material,  Gent  and  Lindley  have  given  an  approximation  to  the 
apparent  axial  modulus  which  depends  on  the  thickness,  h,  of  the  disk  or  radius  a. 


where  it  may  be  observed  that  the  apparent  modulus,  as  before,  becomes  infinite 
as  the  thickness  approaches  zero. 

Furthermore  their  fracture  data,  reproduced  in  Figure  4.10,  shows  for 
the  various  compositions  indicated  by  the  different  curves  that  the  axial  stress 
to  cause  fracture  increases  as  the  disk  thickness  decreases.  They  have  sug- 
gested  that  the  limit  for  zero  thickness  is  twice  the  value  for  large  thickness. 
While  it  is  tempting  to  thus  extrapolate  the  data,  it  in  not  unreasonable  to  expect 
the  curve  near  zero  h/a  to  change  slope.  Realizing  that  the  breaking  stress  used 
by  Cent  and  Lindley  is  in  reality  an  averaged  stress  over  the  face  of  disk,  it 
would  be  appropriate  to  obtain  an  improved  approximation.  This  can  actually  be 
obtained  using  the  principle  of  minimum  complementary  energy.  The  outline  of 
such  a  solution,  given  in  Appendix  I  and  not  restricted  to  incompressible  ma¬ 
terials.  predicts  a  stress  distribution  that  is  a  power  law  in  the  radius  and  hyper¬ 
bolic  in  the  thickness,  and  for  the  limiting  situation  of  zero  thickness  (infinite 
radius)  gives  the  proper  limiting  value  r  /«•  *  V/(l -*/).  Further  calculations 
to  investigate  the  utility  of  this  solution  in  interpreting  the  experimental  failure 
data  would  be  desirable. 

By  conducting  such  tests  as  reported  above,  using  an  Instron  tester,  the 
usual  ranges  of  interest  in  strain  rate  and  temperature  can  be  covered  and  the 
possibility  of  strain  rate-temperature  shift  further  explored. 


4.4.3  Diametral  compression  of  a  disk 

Fitzgerald^'  has  suggested  that  the  disk  type  specimen  may  also  be 
used  in  an  alternate  manner  to  examine  a  mixed  tension-compression  biaxial 
stress  field.  If  a  circular  disk  of  uniform  thickness,  h,  is  loa'ded  in  diametral 

compression  by  a  load,  F,  the 
stresses  at  the  center  arc  o£ 
opposite  sign  and  equal  to^*^ 

p 

'-|Tt>H~  (4.4.6) 

0-r(°,o)=:--~^r  <4-4'7> 

Furthermore  the  diametral  extension,  2u(b,0)  along  the  horizontal  (y  =  0)  plane  is 


(4.4.8) 


Providing  there  is  not  local  failure  at  the  point  of  load  application,  this  specimen 
has  the  advantage  that  the  critical  stresses  occur  at  the  center  and  may  be  easily 
observed.  Furthermore,  measurements  of  the  horizontal  extension  permit  an 
indirect  check  on  the  accuracy  of  the  foregoing  formulas.  Presumably  as  long 
as  the  extension  stays  linear  with  the  applied  load,  even  though  the  deformations 
near  the  point  of  application  may  be  large,  one  would  feel  justified  in  using  these 
stress  formulas  based  upon  infinitesimal  deformation  theory.  From  the  stand¬ 
point  of  fracture,  Fitzgerald  has  found^"  that  the  character  of  failure  at  the 
center  changes  from  tensile'  to  shear  depending  upon  the  temperature  of  the  test. 
This  latter  point,  of  course,  emphasizes  its  potential  significance  as  a  sensitive 
test  for  determining  a  fracture  criteria. 

Incidentally,  it  may  be  observed  in  passing  that  the  range  of  central 
stresses  which  can  be  imposed,  i.e.  «■  /»  -  -3  from  (4.4.6)  and  (4.4.7)  above, 

y  * 

could  be  extended  by  the  use  of  elliptical  instead  of  circular  specimens,  although 
at  some  expense  in  experimental  simplicity. 

4.4.4  Torsion  of  rod  specimens 

Among  the  various  types  of  mechanical  testing,  torsion  stands  as  particu¬ 
larly  important.  There  are  several  reasons  for  this.  First  of  all,  a  cylindrical 
specimen  subjected  to  a  small  angle  of  twist  undergoes  pure  shear;  the  applied 
torque  is  directly  proportional  to  the  measured  twist  angle  per  unit  length,  the 
proportionality  constant  being  the  shear  modulus.  Thus  the  torsion  properties 
for  small  strain  should  be  independent  of  Poisson's  ratio. 

•  As  the  shear  strain  is  increased,  however,  new  effects  enter  the  picture. 
Finite  elastic  theory  predicts  a  lengthening  of  the  specimen  known  as  the  Poyntii^f 
effect. 

It  may  be  deduced  that 

A3  =  l  +  -(b*-a*)  (4.4.9) 

1  f 

where  V  =  -jr-  is  the  axial  extension  ratio 

a,b  are  the  inner,  outer  radius  of  the  cylinder  respectively 
k  is  the  angle  of  twist  per  unit  length 
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One  obtain*  the  preceding  relation  by  application  of  finite  elastic  theory  to  the 
•train  transformation  defined  by 

7  ”  V&" 
e+  k* 

where  the  bars  refer  to  the  deformed  coordinates  of  material  points.  The  unde¬ 
termined  constant  which  enters  into  the  theory  because  of  the  incompressibility 
condition  is  determined  by  setting  the  integral  of  the  axial  stress  over  the  end 
face  equal  to  zero.  Figure  4.11  shows  a  plot  of  X^-i  vs  k^,  taken  from  recent 
data^‘  on  polyurethane  propellant.  Note  the  excellent  straight  line  correla¬ 
tion  in  agreement  with  theory.  The  theoretical  value  of  the  slope  is  1/8 
whereas  the  measured  value  turns  out  to  be  1/7  in^/rad^.  Considering  the  as¬ 
sumptions  made  in  deriving  (4.  4.  9)  the  agreement  is  excellent.  The  most  impor¬ 
tant  observation  that  can  be  deduced  from  this  is  that  the  elastic  properties  of 
the  binder  predominate  at  least  up  to  three  percent  shear  strain.  A  similar  type 
of  verification  is  provided  by  the  recent  data  of  Bergen,  Messersmith  and  Ri vlin 
on  filled  rubbers^* 

On  the  other  hand,  indications  are  the  elongation  will  decrease  as  the 
twist  is  increased  further.  This  is  to  be  expected  since  the  pullaway  of  the  binder 
from  the  filler  will  tend  to  convert  the  local  shear  into  local  simple  tension  around 
the  filler  particles.  What  effect  this  will  have  upon  fracture  in  torsion  is  not 
known.  It  is  suspected  that  the  fracture  criterion  will  not  be  as  simple  for  a 
filled  elastomer  as  an  unfilled  one,  therefore  torsion  should  provide  an  excellent 
way  to  check  out  the  applicability  of  the  distortion  strain  energy  criterion.  Fur¬ 
thermore,  torsion  under  superimposed  hydrostatic  pressure  can  then  be  used  to 
check  out  the  importance  of  anisotropy. 

4. 4. 5  Hollow  tube  tests 

Providing  a  satisfactory  strain  measurement  is  available,  the  behavior  of 
an  internally  pressurized  thin  or  thick  walled  cylinder  up  to  and  including  burst 
would  yield  fracture  information  under  biaxial  tension,  for  zero  axial  stress,  or. 
with  the  added  triaxiality  depending  upon  the  nature  of  a  finite  longitudinal  stress. 
This  type  of  specimen  has  been  used  with  mixed  success  at  the  U.  S.  Naval  Ord¬ 
nance  Test  Station^*  employing  an  oil  for  the  pressurization.  The  major 


-215- 

difficulties  aside  from  such  obvious  ones  as  preventing  leakage,  are  to  obtain  an 
accurate  strain  history  and  to  measure  the  applied  time  varying  pressure.  Theaa 
tests  can  be  used  upon  either  thin  or  thick  walled  cylinders,  and  with  or  without 
being  enclosed  in  a  case.  In  some  cases  it  will  be  more  convenient  to  check  out 
a  thin  case-bonded  design  using  externally  mounted  wire  strain  gages  and  infer¬ 
ring  the  tube,  or  even  star  point,  strains  by  working  backward  using  the  theoreti¬ 
cal  solution.  For  most  purposes  however,  the  resultant  case  to  grain  stiffness  ia 
so  high  that  accuracy  is  poor. 

The  main  advantage  of  such  a  test  is  its  reasonably  close  similarity  to  an 
actual  operational  configuration.  If  the  pressure-time  rise  is  appropriately  regu¬ 
lated,  the  test  could  be  useful  in  predicting  fracture  under  a  Varying  and  typical 
strain  rate  history. 

It  should  also  be  mentioned  that  it  is  possible  to  extend  the  rod  torsion 
tests  mentioned  in  the  preceding  section  to  hollow  cylinders,  preferably  thin 
walled  because  of  the  relative  accuracy  with  which  the  theoretical  solution  is 
known;  Another  test  variation  using  the  hollow  tube  is  the  possibility  of  using 
this  geometry  to  examine  the  effect  of  orthotropy  of  multi-layered  cylinders. 

Some  preliminary  analysis  along  these  lines  was  presented  by  Pister  jj, 

Section  3.  3.  3.  The  results  of  his  continuing  program,  including  some 

planned  experiments,  should  furnish  evidence  for  or  against  the  desirability  of 
this  test  geometry  for  orthotropic  propellant  media  studies. 


4.4.6  Specimens  with  initial  cracks 


Multiaxial  testing  can  also  be  extended  to  include  the  biaxial  .stress  field 
_  which  exists  near  the  point  of  a 


t  t'l  t 


—I  2b 
I 


crack  in  a  medium  which  has  already 
begun  to  fracture.  We  shall  consider 
the  state  of  stress  in  several  initially 
cracked  configurations  and  their  as¬ 
sociated  stress  fields,  and  criteria 
for  crack  propagation. 

Thin  sheets  subjected  to 
stretching:  A  common  configuration 


I  I  II 


for  metal  sheet  specimens  not  used 
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extensively  for  propellants  is  the  tensile  strip  containing  a  crack  perpendicular  to 
the  load.  This  test  in  conjunction  with  Griffith  fracture  theory^*  used  to 

determine  critical  crack  length,  i.e. ,  to  find  what  sire  crack  or  flaw  a  given  ma¬ 
terial  of  specified  thickness  will  sustain  under  a  specified  external  stress  before 
it  becomes  unstable  and  propagates  catastrophically.  For  catastrophic  propagation 
of  a  brittle  fracture  Griffith  deduced  that,  for  a  crack  of  length  2b,  the  applied 
stress  Sq  must  exceed 

(4.4.10) 

where  T  is  the  characteristic  surface  tension  of  the  material,  pounds  per  inch. 

For  glass  T  ~  10'^  pounds  per  inch. 

Propellant  materials  are  however  not  usually  thought  of  as  brittle  mater¬ 
ials  except  in  the  glassy  regions  where  (4.4.10)  might  of  course  be  expected  to 

(4  8) 

apply.  In  1953,  Rivlin  and  Thomas'  ’  '  proposed  an  extension  of  the  Griffith 
hypothesis  for  the  rupture  of  rubber  and  found  it  was  possible  to  correlate  the 
tearing,  providing  T  was  interpreted  merely  as  a  "characteristic  energy"  and 
not  necessarily  the  surface  tension.  For  the  gum  rubbers  examined  T~100  inch 
pounds  per  square  inch.  In  the  process  of  establishing  this  correlation,  Rivlin 
and  Thomas,  and  their  subsequent  collaborators,  were  able  to  get  by  with  rather 
gross  approximations  of  the  stress  fields.  It  is  appropriate  at  this  point,  par¬ 
ticularly  as  fracture  criteria  will  be  discussed  in  a  later  section,  to  state  some 
of  the  characteristic  features  of  the  biaxial  stress  state  near  the  point  of  a  crack. 

The  classic  problem  in  this  field  was  solved  in  1913  by  Inglis^*’^^  who 
calculated  the  stresses  in  the  vicinity  of  an  elliptical  hole  in  an  infinite  sheet. 

Since  then  many  investigators  have  worked  upon  related  problems.  Rather  re¬ 
cently  a  somewhat  general  analysis  for  the  geometry  shown  in  the  preceding 
figure  has  been  given  by  Ang  and  Williams^'  for  an  orthotropic  sheet  subjected 
to  combined  stretching  and  bending,  wherein  the  sheet  is  assumed  infinitely  wide 
with  respect  to  the  initial  crack  length  2b.  These  results  show  that  the  elastic 
stress  distribution  along  the  line  of  crack  prolongation  and  assuming  small  de¬ 
formations  is 


(T,  (x.ol  =  cr,  tx.ol  -  "  * 


_ 0^ _ 


(4.4. 11) 


and  near  the  crack  point,  x*btt, 


<r«te,o) *  <r,teo)  =  +  ‘  ’  •  ■ 


(4.4.12) 


so  that  (i)  the  normal  stresses  at  the  crack  point  are  equal  leading  to  a  two- 
dimensional  hydrostatic  tension  and  (ii)  infinite  stress  magnitudes  exist  at  the 
crack  point.  Further  analysis^*  shows  that  the  circumferential  variation  of 
stress  around  the  crack  is  such  that  the  maximum  stress  occurs  not  along  the 
direction  of  propagation  but  +60  degrees  off  to  either  side.  The  octahedral 
stress  variation  also  peaks  off  to  the  side  +70  degrees.  Such  deductions  show 
the  complexity  of  the  stress  distribution  near  a  crack  and  suggest  that  a  more 
refined  stress  analysis  be  incorporated  when  assessing  the  fracture  of  visco¬ 
elastic  materials. 

There  are,  however,  three  factors  which  should  be  emphasized.  First, 
is  the  elastic  analysis  valid  for  viscoelastic  materials?  It  will  be  recalled  that 
if  all  the  boundary  conditions  on  a  linearly  viscoelastic  material  are  prescribed 
in  terms  of  stress,  as  in  this  particular  case,  then  the  viscoelastic  stress  dis¬ 
tribution  is  identical  with  the  elastic  one.  Second,  the  mathematically  infinite 
stress  at  the  crack  point  is  physically  inadmissible.  On  the  other  hand,  one  can 
in  the  average  sense  hypothesize  the  existence  of  a  small  region  of  constant  finite 

stress  with  a  characteristic  radial  ex¬ 
tent  6  which  would  give  a  stress  dis- 

1 1  t  tribution  such  as  shown  in  the  sketch. 

% 

\j- In  a  metal  specimen,  such  a  region 
\  may  be  associated  with  the  area  of 

•  \  plastic  flow;  the  equivalent  association 

£  \  for  viscoelastic  materials  might  be  in 

*  terms  of  an  agglomeration  or  bundle 

of  polymer  chains,  and  from  the  data 

_ _ of  Greensmith^'  at  low  strain 

divtancc  t=bom  t>«  rates  seems  to  be  of  order  10”^  inch. 

ea»eit  poimt  .  .  ... 

Third,  if  the  strains  are  so  large,  will 

not  the  assumptions  of  infinitesimal  theory  be  violated?  The  answer  is  yes,  but 
the  mathematical  solution  of  the  finite  deformation  problem  is  nearly  intractable. 
Some  exploratory  work  of  Blatz^*’^^  however  indicates  that  the  stress  singularity 
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will  probably  not  be  removed,  and  hence  one  vould  expect  errors  in  magnitude 
but  not  in  the  principle. 

Finally,  the  centrally  cracked  geometry  is  not  the  only  one  which  can  be 
investigated  experimentally.  One  obvious  alternative  is  the  externally  cracked 
specimen  and  another  is  a  one-sided  crack  geometry.  Some  analysis  for  the 
former  is  possible^*  while  the  latter  is  complicated  by  a  lack  of  geometrical 
symmetry.  No  experimental  data  for  viscoelastic  materials  is  known  for  the 

till*  .!  t  t  I? 
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have  used  the  latter  extensively  in  their 


former,  although  Rivlin  and  Thomas' 
experiments. 

Thin  sheets  subjected  to  bending.  Another  loading  of  considerable  interest 
is  in  an  initially  cracked  specimen  subjected  to  bending.  While  the  same  centrally 
cracked  geometry  as  before  could  be  used,  and  analyzed  using  the  Ang-Wil!iams 
solution^*'  taking  into  account  some  important  amplifications  by  Knowles  and 
Wang^'  it  is  more  customary  and  experimentally  more  convenient  to  use  a 
slit  specimen  (see  insert)  or  trouser-leg  specimen.  From  the  analysis  standpoint, 

the  experimental  specimen  should  be  rea¬ 
sonably  thick  so  that  the  applied  loading 
produces  only  bending  stresses  near  the 
crack  point.  When  the  specimen  becomes 

thin,  and  particufarly  when  stretched  to 
(4  8) 

large  deformations  as  done  by  Kivlin  and  Thomas'  *  '  (see  insert)  a  complicated 

bending -stretching  interaction  problem 
results  which  is  beyond  classical  treat¬ 
ments^' On  the  other  hand,  the 


strain  energy  of  deformation  is  mainly 
confined  to  stretching  of  the  trouser  legs 
with  a  high  but  localized  strain  energy  at 
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the  crack  point.  It  is  this  feature,  as  incorporated  by  Rivlin  and  Thomas,  which 
accounts  for  the  reasonably  good  correlation  of  tearing  threshhold  and  character¬ 
istic  energy. 

On  the  other  hand,  it  will  no  doubt  be  necessary  to  conduct  certain  bending 
and  extensional  tests  designed  to  permit  the  maximum  use  of  available  analytical 
solutions  to  investigate  the  general  applicability  of  a  "characteristic  energy" 
criterion,  T.  Specifically,  as  will  be  discussed  later,  there  may  be  an  important 
general  connection  which  can  be  established  between  T  and,  say,  the  distortion 
strain  energy. 

Threshold  criteria.  At  indicated  earlier  the  first  criterion  for  the  elastic 
fracture  of  rubbery  materials  resulted  from  an  extension  of  the  Griffith  brittle 
fracture  theory^’  by  Rivlin  and  Thomas^*  The  Griffith  theory  for  thin 
flat  sheets  of  thickness  h,  results  from  considering  the  change  in  strain  energy 
in  a  specimen  when  a  crack  of  initial  'ength  2b,  which  is  presumed  small  com¬ 
pared  to  any  planar  length  in  the  extends  a  small  amount  &(2b)  exposing 

a  small  increment  of  newly  formed  surface  with  surface  tension,  T.  Assuming 
that  this  specimen  is  initially  stretched  by  a  stress  and  then  clamped  at  its 
ends  in  this  position,  the  strain  energy  in  the  sheet  will  be  reduced  as  the  crack 
grows  as  the  energy  in  the  new  crack  surfaces  increases.  In  the  limit  when  the 
specimen  parts,  all  the  strain  energy  will  have  been  transferred  into  surface 
energy.  Analytically  this  change  in  potential  energy  V’  becomes  • 

V'=  —  -  2  (zblTfl.  (4.4.13) 


where  the  first  term  is  the  strain  energy  and  the  second  is  the  work  overcome 
by  the  surface  forces  on  both  sides  of  the  newly  formed  crack.  At  the  equilib¬ 
rium  position  of  the  crack  ju6t  before  catastrophic  crack  propagation,  these  two 
contributions  balance,  or  the  ch?nge  in  V’,  SV/8(2b),  is  zero. 
av’  -  TrO?W0*  . 

df2b)  2E  ZT*  °  (4.4.14) 

which  implies  that  the  critical  stress  at  equilibrium  for  a  crack  of  length  2b  is 

*  V  TT(2b) 


V. 


(1.4.15) 


♦See  Timoshenko  and  Coodier  (4.22),  for  a  brief  description  of  the  essential 
features  of  the  theory. 
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v/hich  relation  was  stated  earlier  (4.4. 10}.  The  energy  in  the  specimen  at  this 
stress,  by  substituting  into  (4.4. 13)  is 

-Vc'r  =  2b*T  (4.4.16) 

from  which  denoting  the  cross  section  area  of  the  specimen  by  A  a  2bh  the  surface 
tension  can  be  found  as 

-r— wN,  «■<•»> 

if  the  energy  changes  ar-s  evaluated  or  measured  at  a  fixed  length,  i.e.  clamped 
ends. 

(4  8) 

Rivlin  and  Thomas'  *  '  followed  by  various  collaborations  of  Greensmith 
and  Thomas^*  35-38)  jjave  proceeded  to  examine  the  application  of  a 

similar  criterion  for  rubber.  They  find  that  one  does  seem  to  exist  as  measured 
upon  various  geometries  and  loading  conctillms  but  T  should  be  viewed  as  a 
characteristic  energy  loss  not  necessarily  restricted  to  surface  tension.  The 
fact  that  T  is  relatively  constant,  at  a  fixed  strain  rate,  for  various  geometries 
is  encouraging.  If  one  approximates  their  data  analytically,  it  is  found  that^*^^ 

T  ±  6  *  to*  at  9o*c  (4. 4. 18) 

and 

-rVi:40Kio*(5~-fr  at  25*c  (4.4.19) 

where  t  is  the  time  to  failure  which  reflects  the  strain  rate  sensitivity,  and  T  is 
in  ergs  per  cm^.  (10^  ergs/cm^  i  60  in-  lbs/ in2). 

They  further  observe  that  T  can  be  approximated  by  the  relation^’  ^ 

*r ■  sat  Vf*  d  (4. 4. 20) 

where  W ,  is  approximately  the  critical  strain  energy  density  for  failure  as  de. 
termined  in  an  initially  uncracked  tensile  specimen,  Wd  *  /( 2E),  and  d  is 

the  apparent  size  of  the  flaw  or  the  diameter  of  the  crack  or  razor  blade  cut  at 
the  crack  point  in  the  unloaded  position.  And  finally,  Greensmith^'  presents 
some  data  which  suggests  that  W*  may  be  approximated  at  25°C  by 
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=t  Soo  *  to* 


(4.4. 21) 


so  that  dividing  (4.4.19)  by  (4.4.21),  there  results  that 


o.o3  cm  •*  o.ol  in. 


(4.4.  22) 


which  is  of  the  order  of  the  measurements  also  observed  by  Braden  and 
(4  39-40) 

Gent  *  .In  principle  then  one  may  obtain  the  characteristic  tearing 

energy  by  measuring  the  energy  density  required  to  fail  a  tensile  specimen  and 
reduce  it  by  the  diameter  of  the  flaw. 

It  is  possible  to  arrive  at  their  results  for  a  flat  sheet  by  an  alternate 
interpretation  in  terms  of  the  characteristic  average  stress  distance,  6,  intro¬ 
duced  ea-rlier.  If  the  r  and  m  stress  (4.4.12)  are  averaged  locally  in  the 
*  # 

vicinity  of  the  crack  point,  one  can  deduce 


(4.4.23) 


so  that  the  factor  (2b/6)  is  essentially  a  stress  concentration  factor.  Compute 
the  distortion  strain  energy  taking  account  of  the  stress  field  at  the  crack 


m  «  m  and  r  •  0  to  find 
x  y  x 


(r’co, 


(4.4.24) 


so  that  using  (4.4.23)  and  assuming  incompressibility,  the  critical  strain  energy 
density  at  failure  in  this  specimen  becomes 
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•  2e  b 

But  using  the  classic  Griffith  interpretation  (4.4.15)  in  the  form 


(4.4,25) 


one  finds 


-US* 


T  =  l 


(4.4.  26) 


which  of  course  is  the  same  form  as  (4.  4.  20)  but  associates  a  characteristic 
distance  within  the  material  with  failure. 


(4.41) 


It  is  also  possible  to  show  the  connection  with  local  radius  of  curvature 
by  working  with  the  general  solution  for  the  crack  field.  By  integrating 


the  elastic  stress  field  to  find  the  displacements,  one  can  compute  in  particular, 
the  displacements  of  the  crack  boundary  for  the  deformed,  i.  e.  loaded,  specimen. 
For  the  internally  cracked  specimen  the  shape  of  the  crack  or  hole  is  elliptical 
and  the  radius  of  curvature  at  the  sharp  point  of  the  crack,  R,  can  be  as¬ 
sociated  with  the  applied  stress  as 


R  =  4b 


(4.4.27) 


and  hence  using  (4. 4. 23) 


2Rad  = 


(4.4.  28) 


so  that  ir:  comparison  with  (4. 4. 26} 


"T  *  ^ 


(4.4.29) 


which  would  also  agree  with  (4.4.  20)  if  the  local  value  of  averaged  stress  at  the 
crack  approached  values  of  twice  the  tensile  modulus*. 

It  should  be  emphasized  that  these  latter  associations  have  been  made 
after  utilizing  the  assumptions  of  infinitesimal  elastic  deformations  for  sheet 
specimens  whereas  the  work  of  Rivlin  et  al.  includes  large  strain  measurements 
on  various  geometries.  Nevertheless  it  is  encouraging  to  see  that  the  effects 
predicted  by  more  sophisticated  stress  analysis  are  not  inconsistent  with  these 
other  experiments  and  analysis. 

Crack  propagation.  It  is  possible  to  make  some  headway  in  estimating 
the  velocity  of  crack  propagation  in  a  viscoelastic  material  after  the  fracture 
threshhold  has  been  exceeded.  The  primary  new  effect  is  the  delay  time  in  the 
fracture  introduced  by  the  rate  sensitivity  of  the  material.  A  simple  model  was 
proposed  in  one  of  the  previous  progress  reports^*'^,  and  is  included  in  Appendix 
2.  .  A  simple  Voigt  model  and  a  limiting  strain  criterion  for  failure  was  as¬ 
sumed,  and  any  rate  effect  on  the  ultimate  strain  at  failure  was  supressed.  By 
using  the  important  fact  that  the  elastic  and  viscoelastic  stress  distributions  ar* 
identical,  and  the  assumption  of  Voigt  behavior,  the  viscoelastic  deformations 
'  could  be  computed.  When  the  local  average  strain  at  the  crack  over  the  length  § 

♦this  type  of  assumption  has  been  invoked  bv  HJ  Neuber.  Theory  oi  Notch 
Stresses,  in  estimating  the  maximum  stress  at  a  crack  point  in  metals. 
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was  exceeded  the  crack  would  elongate  by  an  amount  6.  the  strens  field  would 
also  translate  by  an  amount  6,  but  the  new  strain  increments  would  add  to  those 
storea  while  the  first  element  6  was  breaking.  The  velocity  of  propagation  was 
then  estimated  as  v.  =  6/tj^  where  t^  is  the  time  for  the  i-th  element  to  rupture. 
The  result  estimated  the  initial  velocity  as 


— — I - g./E« 

2  (•'fir—  o  e* 


(4.4.30) 


where  £  *  is  the  ultimate  strain  and  E  the  tensih  modulus  and  X  the  relaxation  time 

v  (4  42) 

of  the  Voigt  model.  From  McCullough's  preliminary  test  data'  *  ,  it  was 

possible  to  deduce  a  value  for  6  which  turned  out  to  be  10“^  inch,  not  in  unreason* 
able  agreement  with  the  10*^  inch  static  value  deduced  from  the  Cireensmith  ex¬ 
periments. 

Subsequent  growth  of  the  crack  in  terms  of  the  distance  s  from  the  crack 
point,  was  found  to  be 

■b  ~  (W  (4.4.31) 


and 


r  v  g«/s 

S  i  L^TT-E' 
U  ^  A  & 


-» i 


(4.4.32) 


which  latter  value  becomes  suspect  for  large  times  because  the  velocity  of  propa¬ 
gation  is  unbounded  in  contrast  to  reality,  probably  because  the  inertia  terms 
have  been  omitted  from  the  equations  of  motion  for  this  viscoelastic  material. 
Braden  and  Gent^'  ^9-40)  jjave  measuret}  crack  growth  in  sheet  specimens  in  an 
ozone  atmosphere  and  find  velocities  of  one-tenth  inch  per  minute  at  low  applied 
stresses,  consistent  with  McCullough's  measurements,  but  also  find  the  velocity 
is  nearly  independent  of  stress  level  at  low  stresses,  whereas  (4.4.31)  predicts 
a  reasonably  strong  stress  dependence. 

As  a  final  word  it  is  possible  to  improve  above  results  using  essen¬ 
tially  a  general  viscoelastic  model  based  upon  an  approximation  to  the  creep  com¬ 
pliance  (4.  1.3).  It  will  be  found  that  the  strains  along  the  crack  in  an  incom¬ 
pressible  material  are 
* 
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-£ 


ir  -• 


(4.4. 33) 

and  a  similar  expression  for  £x(x,0;t)  using  the  Appendix.  The  procedure  outlined 
can  be  repeated.  The  time  when  £y  reaches  a  critical  value  £*  can  be  computed 
frem  the  above;  the  stress  and  strain  analysis  in  6  steps  can  be  repeated,  although 
it  is  immediat.'.ly  evident  that  the  computations  become  somewhat  more  involved, 
even  if  account  is  taken  of  the  primary  glassy  response  at  the  crack  point.  Never¬ 
theless  (4.4.33)  has  the  important  advantage  of  approximately  the  entire  spectrum 
of  relaxation  times  of  the  material,  and  furthermore,  as  rate  sensitivity  on 
failure  criteria  will  be  discussed  in  the  final  section,  one  can  compute  the  strain 
rate  at  any  time.  This  can  be  carried  out  for  the  biaxial  strain  field  if  desired. 
One  can  now  use  this  knowledge  of  stress,  stress  rate,  strain  and  strain  rate 
distribution  in  time  and  space  in  conjunction  with  failure  criteria,  including  rate 
effects,  to  investigate  the  mechanics  of  viscoelastic  crack  propagation  with  rea-  . 
sonable  precision— if  not  simplicity! 


4.5  Selection  of  the  Failure  Criterion 

In  accordance  with  the  remarks  introducing  this  chapter,  it  will  be  assumed 
that  the  elastic  type  of  fracture  is  characteristic  of  cross-linked  propellants,  and 
therefore,  that  yield  and  fracture  occur  almost  simultaneously.  It  should  be  re¬ 
called  that  in  contrast  to  brittle  fracture  of  many  metals,  propellants  may  sustain 
considerable  strain  before  failure,  and  therefore  in  terms  of  strain  at  break 
rubbers  may  be  characterized  by  several  hundred  percent,  metals  by  a  few  tenths 
of  a  per  cent. 

A  brittle  material  must  be  able  to  fail  in  at  least  two  ways— either  by  dila¬ 
tation  or  by  distortion.  For  example,  a  sample  subjected  to  hydrostatic  compres¬ 
sion  will  suddenly  collapse  its  volume  when  the  critical  pressure  is  reached;  or  in 
hydrostatic  tension  which  is  not  an  easy  stress  field  to  f  -me rate,  it  will  suddenly 
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tear.  Gent  and  Lindley^'^^  have  measured  this  triaxial  yield  stress  for  vul¬ 
canized  rubbers  and  shown  it  to  be  around  80  psi.  Presumably,  the  failure 

(4  43) 

stress  in  compression  will  be  much  higher.  Bridgman'  *  '  shows  that  one 

should  expect  a  minimum  of  several  hundred  thousand  psi  yield  stress.  These 
facts  show  quite  clearly  that  the  distortion  strain  energy  alone  or,  indeed,  any 
failure  criterion  whicn  involves  shear  forces,  is  not  adequate  to  explain  hydro¬ 
static  failure,  since  hydrostatic  forces  generate  no  shear  strains.  Similarly, 
a  sample  may  be  caused  to  fail  in  pure  shear,  applied  in  torsion.  No  measure¬ 
ments  of  the  torsile  yield  stress  appear  to  have  been  reported  for  polymeric 
materials,  but  the  existence  of  a  torsile  yield  stress  n>.ans  that  any  failure 
criterion  bused  on  dilatation  alone  is  inadequate. 

It  fotows  therefore,  in  the  most  general  case,  that  each  material  must  be 
characterized  by  at  least  two  failure  criteria,  and  that  there  must  exist  conditions 
under  which  both  types  of  failure  may  occur  simultaneously.  Also  it  should  not 
be  expected,  in  general,  that  the  two  criteria  are  independent.  For  example, 
the  critical  shear  stress  in  torsion  may  be  a  function  of  the  amount  of  superim¬ 
posed  hydrostatic  pressure  or  hydrostatic  tension.  In  the  following  section,  a 
geometric  description  of  these  concepts  will  be  presented. 

4.5.1  Geometry  cf  normal  yield  stress  or  yield  strain  space 

Because  of  the  many  criteria  for  fracture,  it  is  convenient  to  have  a 
method  which  permits  the  analyst  to  visualize  their  region  of  possible  application. 
Inasmuch  as  the  three  principal  stresses  are  orthogonal  and  participate  in  all 
stress  theories  of  failure,  one  way  of  presenting  the  criteria  is  in  terms  of  prin¬ 
cipal  stress  space  where  the  magnitudes  of  tr^,  or ard  are  measured  along 
the  orthogonal  axes  to  form  octants.  A  similar  approach  could  be  adopted  for 
strains.  The  rupture  of  an  uniaxial  tensile  specimen  at  the  stress  would 
therefore  correspond  to  a  point  on  the  a axis  at  the  particular  value  «r *.  Other 
combined  loadings  would  in  a  similar  manner  correspond  to  other  points  on  a 
rupture  surface  F(<Tj,  <r,,  tr^)  *  constant,  where  the  object  of  failure  testing 
would  be  to  perform  experiments  under  all  different  combinations  of  combined 
stresses  in  order  to  trace  out  the  failure  surface  in  all  octants.  Presumably 
there  would  oe  many  surfaces,  each  corresponding  to  a  given  strain  rate  for 
which  the  surface  was  obtained.  Then,  having  obtained  such  surfaces  experi- 


mentally,  the  analyst  would  proceed  to  check  out  various  criteria  in  the  different 
octants  and  the  one  lying  closest  to  the  test  surface  would  be  the  desired  failure 
criterion. 

Strain  energy  criteria.  Inasmuch  as  critical  values  of  strain  energy, 
either  in  terms  of  stress  or  strain,  are  among  the  most  prominent  hypotheses, 
we  shall  proceed  to  develop  the  geometrical  interpretation,  assuming  for  neces* 
sary  simplicity  at  this  time  that  the  material  is  linearly  elastic  and  that  infinite  si- 
mal  deformation  theory  applies.  Furthermore  it  is  always  possible  to  choose 
coordinates  in  which  no  shears  act  along  three  orthogonal  axes  and  so  only  prin- 
ciple  (normal)  stresses  and  strains  will  be  treated.  In  practice,  most  mechanical 
testing  is  applied  to  specimens  whose  geometry  guarantees  that  the  applied  normal 
stresses  are  indeed  principal  stresses.  In  this  sense,  the  stress-strain  law  may  . 
be  written: 

Cj, “(K— i  l*  tj  a, 9  i  *6,+€,-MS,  (4.5.1) 

The  mean  hydrostatic  stress  is  given  by: 

Or,  °l±5k±5k=  (4.5.2) 

The  total  strain  energy  is  given  by: 

W  =  -—0^  * -|-X 3 -5,')  (4.5.3) 

where  ^ and  where  the  double  subscript  indicates 

summation.  The  dilatational  strain  energy  is  computed  from  the  volume  change  by: 

=*-!-**  (4.5.4) 

and  thus  the  distortional  strain  energy  is  given  by: 

~M  W*-  (4.5.5) 

If  the  strains  are  replaced  by  stresses.  Equations  (4.5.2)  and  (4.5.3)  may  be 
rewritten  as: 


227. 


3J-»t 

2 M 


(4.5.7) 


where  0t-  O',  <r, ■*  0",0,  -+0^01 

Reasonable  critical  values  (denoted  by  asterisks)  m^y  be  anticipated  at 
this  time  for  both  forms  of  the  strain  energy  function.  For  example,  in  simple 
tension.  Equation  (4.  5.  7)  reduces  to: 

W*  (4.5.8) 

where  is  the  simple  tensile  strength  at  yield.  Inspection  of  the  various  simple 
tensile  data  on  propellants  immediately  reveals  that  the  distortion  strain  energy 
will  probably  not  exceed  10  psi.  For  many  propellants,  this  ie  a  generous  figure, 
as  is  well  realized  by  anyone  who  has  flexed  dogbone  tensile  specimens  to  fracture 
in  his  lingers.  Continuum  rubbers,  on  the  other  hand,  may  well  reach  1000  psi 
at  failure.  Thus,  the  effects  of  the  filler  particles  are  markedly  evident  in  this 
drastic  reduction  of  the  distortion  strain  energy. 

Recent  unpublished  triaxial  test  data  obtained  on  tablet-shaped  specimens 
present  some  evidence  as  to  the  magnitude  of  the  dilatational  strain  energy  for 
propellants.  In  the  case  of  polyurethane  propellant,  the  triaxial  stress  rises  to 
100  psi  before  rupture  at  0.7  percent  strain.  These  figures  correspond  to  a  bulk 
modulus  of  14000  psi,  much  lower  than  that  observed  in  hydrostatic  compression; 
the  associated  dilatational  strain  energy  is  only  35  psi.  For  continuum  rubbers, 
the  data  of  Gent  and  Lindley^'  indicate  a  dilatational  strain  energy  of  30  psi. 
Thus,  the  filler  particles  do  seem  to  reduce  markedly  this  latter  quantity. 

Imagine  now  a  rubbery  linear  elastic  material  characterized  by  the  follow¬ 
ing  four  parameters: 

K  *  250000  psi 

|t  =  150  psi 

W* 

dil.  =  25  psi  in  tension,  infinite  in  compression 

=  5  psi,  independent  of  the  value  of  hydrostatic  stress. 

The  question  arises:  what  ranges  of  triaxial  stress  or  triaxial  strain  will  such  a 
material  sustain  without  yield.  Let  us  first  look  at  the  geometry  in  the  stress 
space  defined  by  the  three  orthogonal  directions  of  normal  stress.  The  dilatational 
criterion  may  be  expressed  as: 


'  •  ' 
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3V2K  w*  »  3  a*  »  -a,  ♦  a,  +  <r» 


(4.5.9) 


where  a*  is  the  value  of  the  hydrostatic  tensile  stress  at  which  yield  or  failure 
will  occur.  Equation  (4.5.9)  represents  a  plane  surface  in  normal  stress  space, 
located  at  a  distance  V3* «•*  from  the  origin,  and  whose  normal  is  oriented  at  an 
angle  of  54°  44'  to  each  of  the  principal  axes  (cos  jl  =  _~r  ).  Equation  (4.5.9) 
thus  expresses  the  sine  qua  non  for  application  of  the  distortion  ciiterion.  For 
the  given  material,  r*  ±  3500  psi. 

The  distortion  criterion  may  be  expressed  as: 


oiVaJ + aj  —  a,o,  -  o*ag— a*  a* 

3 


(4.5.10) 


»  (4. 5. ill 

The  form  (4.5. 11)  is  convenient  because  it  allows  one  to  introduce  the  values  of 
the  maximum  shear  stresses  which  are  given  by: 

T-=  ,  l,j,k  (4.5.12) 

It  follows  that: 

2m  m  -S-Tj  5s  -^-(r*4  Tj-fr  T*)  (4-  5. 1 3) 

where  T«  is  the  octahedral  shear  stress  which  operates  in  the  particular  planes 
whose  normal  is  directed  at  54°  44'  to  the  principal  axis.  The  name  arises  be¬ 
cause  that  part  of  the  plane  which  lies  completely  in  the  octant  of  pure  tension 
forms  one  face  of  an  octahedron.  Comparison  of  (4.  5. 1 1)  and  (4.5.13)  shows 
that 


=  31.6  ?»i. 


,  for  the  given  material. 


(4.5.14) 


Since  simple  tensile  strength  is  a  more  familiar  quantity  than  octahedral  shear 
strength,  the  geometry  of  the  yield  surface  will  be  described  by  the  former  param¬ 
eter  (£  67  psi)  coupled  with  the  hydrostatic  tensile  strength.  The  surface  repre¬ 
sented  by  (4.5.11)  'is  best  visualized  after  making  the  following  transformation: 
c 


p=1T<r 


(4.5.15a) 
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r*-*-p*  =  oi^-t-cr/H-c £ 


(4. 5. 15b) 


f* 


(4.5.15c) 


Substitution  yields: 


r^jf-ov -VT-iw*  5^.e  (4.5.16) 


These  equations  state  that  the  distortion  yield  surface  is  a  right  circular  cylinder 
whose  radius  is  81.6  percent  of  the  simple  tensile  strength,  and  whose  axis  (the 
hydrostatic  vector)  is  normal  to  dilatational  yield  surface.  The  length  of  this 
cylinder  is  determined  by  Equation  (4.  5. 15a)  with  «■  »  m*  -  3500  psi,  and  at  this 
point,  the  cylinder  is  capped  by  the  dilatational  yield  plane.  The  intersection  of 
the  cylinder  with  this  plane  defines  a  circle  on  which  failure  occurs  simultaneously 
by  dilatation  and  distortion.  Any  stress  field  which  lies  inside  the  cylinder  but 
outside  the  dilatational  yield  plane  will  produce  failure  by  dilatation.  Any  stress 
field  which  lies  outside  the  cylinder  but  inside  the  dilatational  yield  plane  will 
produce  failure  by  distortion.  Finally,  any  stress  field  which  lies  both  inside 
the  cylinder  and  the  dilatational  plane  will  be  sustained  by  an  elastic  body.  All 
these  statements  are  depicted  in  Figure  (4.12),  which  shows  a  two-dimensional 
carpet  of  the  yield  surface.  Because  of  the  form  of  Equations  (4.5.4)  and  (4.5.5.), 
the  geometry  of  the  yield  surface  is  exactly  the  same  in  normal  strain  space. 

If.  in  addition  to  the  critical  value  of  the  hydrostatic  tension,  it  were 
possible  to  assign  a  similar  value  for  hydrostatic  compression,  then  the  cylinder 
would  be  capped  by  two  dilatational  yield  surfaces,  one  in  octant  1,  in  which  all 
stresses  are  positive  or  tensile,  the  other  in  octant  VIII,  in  which  all  stresses 
are  negative  or  compressive.  The  failure  mode  and  stress  quality  in  all  octants 
may  be  denoted  as  follows: 

Octant  c.  *•,  s,  possible  failure  modes  nujnher  of  positive 


stresses 


+  distortion  and/or  ten¬ 
sile  dilatation 
"  distortion 

+  distortion 

-  distortion 
+  distortion 

distortion 
+  distortion 

-  dilatation  and/or  com¬ 
pressive  dilatation 


By  virtue  of  equivalence  of  the  three  principal  axes,  it  is  noted  that  there  are 
four  categories  of  octants  characterized  by  the  number  of  stresses  of  the  same 
sign.  Thus  octants  n,  HI  and  V  are  similar,  and  octants  IV,  VI,  and  VII  are 
similar.  This  means  that,  for  an  isotropic  material,  only  four  octants  need  to 
be  tested.  If  in  addition,  it  is  known  that  the  compressive  properties  are  the 
same  as  the  tensile  properties,  then  only  2  octants  need  be  tested.  On  the  other 
hand  if  the  material  is  anisotropic,  or  if  anisotropy  is  induced  by  virtue  of 
straining,  then  it  will  be  necessary  to  check  six  octants  for  an  orthtropic  mater¬ 
ial,  and  eight  for  a  completely  aeolotropic  material. 

It  must  be  noted  here,  in  passing,  that  stress-induced  anisotropy  pre¬ 
sents  a  real  problem  in  the  case  of  filled  rubbers.  Consider,  for  example,  an 
internally  pressurized  hollow  cylinder  with  the  radial  axis  in  compression  and 
the  tangential  axis  in  tension.  Because  of  the  dewetting  of  the  binder  in  tension 
its  modulus  and  Poisson's  ratio  in  the  tangential  direction  will  differ  from  those 
in  the  radial  direction.  Thus,  orthotropic  behavior  is  indicated  and  at  least  six 
octants  must  be  checked. 

Other  failure  criteria.  Suppose  now  that  the  given  material  fails  by 
the  Tresca  condition,  which  is  assumed  when  the  maximum  principal  stress  dif¬ 
ference  reaches  a  critical  value.  Note  that  this  reduces  the  dependence  of  the 
failure  criterion  from  three  stresses  in  the  energy  case  to  two.  namely,  the 
largest  and  the  smallest.  A  logical  check  on  such  a  theory  is  to  determine 
whether  the  failure  criterion  depends  on  the  value  of  the  intermediate  stress. 

Taking  w.  >».»  v.  .  the  maximum  stress  difference  or  maximum  shear 
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stress  is  given  by  ^ SqL?- (4. 5. 12),  A  logical  extension  of  this  theory  was  pro¬ 
posed  by  Mohr,  who  suggested  that 


(4.5.17) 


Proceeding  as  before,  it  is  easily  shown  that  the  condition  (4.5.12)  defines  six 
planes  which  intersect  to  form  a  hexagonal  prism,  which  is  precisely  inscribed 
in  the  strain  energy  cylinder.  In  the  case  of  Mohr’s  condition,  the  six  planes 
become  six  curved  surfaces,  the  elements  of  which  are  generators  of  non-circular 
cylinders.  It  is  readily  observed  that  the  mathematical  analysis  connected  with 
such  conditions  leads  to  insurmountable  difficulties.  Suffice  it  to  say  that  the 
Hencky  condition  is  usually  an  adequate  approximation,  even  when  physics  dictates 
that  the  Tresca  or  Mohr  condition  represents  reality.  Similar  surfaces  develop 
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in  normal  strain  space,  only  the  values  of  the  parameters  are  different. 

Finally,  let  us  suppose  that  the  given  material  fails  when  the  maximum 
principal  stress  or  maximum  principal  strain  reaches  a  critical  value.  In  this 
case,  the  failure  criterion  in  stress  space  is  expressed  as: 

<  tT  <  ^  crT  (i.j.k,  permuted  randomly)  (4.5.18) 

This  condition  defines  the  position  of  three  orthogonal  planes  which  intersect  the 
principal  stress  axes  at  sv^.  and  intersect  each  other  to  form  a  cube.  1'  there  is 
no  critical  condition  for  compression,  the  faces  of  the  cube  will  extend  to  infinity 
in  the  octants  11  through  Vll.  A  critical  value  of  the  simple  compressive  stress 
will  serve  to  define  three  other  planes  which  will  intersect  in  octant  VIII  to  render 
the  cube  finite.  In  this  case  the  center  of  the  cube  will  have  coordinates 

o;  a  oj  =  O'*  ■=  ,  where  #c  is  negative  and  larger  in  magnitude  than  w^.. 

Again,  the  same  geometry  but  different  values  of  the  parameters  will  obtain  in 
the  normal  strain  space. 

It  is  clear  that  if  the  hydrostatic  yield  surface  intersects  the  hydrostatic 
vector  at  a  distance  greater  than  'fP  there  is  no  possibility  of  dilatational 
failure,  whereas,  if  then  the  intersection  of  the  hydrostatic  yield  surface 

with  the  cube  defines  the  line  element  on  which  both  types  of  failure  may  occur 
s  imultaneous  ly . 

Coupled  criteria.  An  interesting  situation  occurs  when  the  two  failure 
criteria  are  coupled.  Suppose,  for  example,  that  the  critical  value  of  the  dis¬ 
tortion  strain  energy  is  some  function  of  the  mean  hydrostatic  pressure.  Since 
the  point  in  normal  stress  space  corresponding  to  the  mean  hydrostatic  pressure 
lies  on  the  hydrostatic  vector,  the  coupled  criterion  suggests  that  the  radius  of 
the  circle  which  intersects  the  cylindrical  distortion  energy  surface  is  a  function 
of  the  position  of  this  point.  Thus  the  general  failure  surface  based  on  coupled 
criteria  will  no  longer  be  a  cylinder  but  will  still  be  a  figure  of  revolution  with 
varying  circular  section  and  with  figure  axis  still  on  the  hydrostatic  vector.  This 
may  be  stated  analytically  as: 

4«r)  (4.5.19) 

It  is  readily  observed  that  by  allowing  the  radius  of  the  figure  to  increase 
as  the  position  on  the  figure  axis  approaches  the  origin,  the  figure  can  be  made 
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to  approach  a  cuboid.  Thus,  by  the  simple  expedient  of  coupling  the  failure  cri¬ 
teria,  the  condition  of  failure  by  maximum  principal  stress  can  be  approximated. 

The  situation  may  be  summarized  as  follows.  The  Huber-Hencky  octa¬ 
hedral  shear  stress  criterion  defines  one  limiting  case  of  failure  which  is  a  right 
circular  cylinder  capped  by  the  dilatational  plane.  The  maximum  principal  stress 
criterion  defines  another  limiting  surface  which  is  a  cube,  possibly  intersected 
by  the  dilatational  plane.  The  actual  surface  for  any  given  material  probably  lies 
somewhere  between  these  extremes.  The  problem  is  to  define  the  extent  of  coup¬ 
ling. 

For  pure  elastic  materials,  it  makes  no  difference  whether  the  failure 
surface  is  cast  in  normal  stress  or  normal  strain  space,  as  long  as  the  elastic 
laws  are  known  right  out  to  failure,  even  if  non-linear.  Obviously,  the  values  of 
the  yield  parameters  in  strain  space  will  differ  from  those  in  stress  space.  And 
since  one  should  be  interested  in  ir.troconverting  one  set  of  data  to  the  other. 
Poisson's  ratio  looms  as  a  very  important  parameter.  Thus  the  need  exists  for 
accurate  experimental  determination  of  this  quantity  under  all  conditions. 

This  may  be  seen  as  follows.  First  invert  (4.5.1)  as: 


or 

(4.5. 20*) 

°L-  » 

or 

(4.5.20b) 

0L-  vca.+trk)=e«t 

(4. 5.  20c) 

For  the  case  .  (4.5.  20b)  shows  that  Therefore  the 

J  J  K 

maximum  principal  strain  failure  criterion  (E-k<eT)  *s  associated  with,  in  stress 
space,  the  criterion: 


cr-s/ccrj+cro*  hct  (4.5.20d) 

This  is  the  equation  of  a  plane,  which  intersects  the  principal  axes  at 

°j*  °!t  —  in  octant  IV.  Because  of  the  equivalence 

of  the  principal  stresses,  there  are  two  other  congruent  planes  which  intersect 

in  octants  VI  and  VII.  The  three  planes  intersect  at  a  point  which  lies  on  the 

VF 

hydrostatic  vector  at  a  distance  ~~i  ~  2 *>'  the  origin.  Thus  the  yield  sur¬ 

face  in  normal  stress  space  associated  with  the  maximum  principal  strain  criter¬ 
ion  is  a  trigonal  pyramid  (Figure  4.13),  whose  faces  extend  out  to  negative  infinity. 
The  Elopes  and  intercepts  of  these  faces  depend  strongly  on  the  value  of  it  . 
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4. S.2  Mechanical  procurement  of  failure  data. 

Aside  from  the  obvious  point  of  experimentally  verifying  that  a  given  pro¬ 
pellant  under  consideration  is  linearly  viscoelastic  in  the  first  place,  failure 
analysis  indicates  that  testing  need  be  carrien  out  in  sufficient  octants  to  enable 
one  to  decide  whether  the  material  is  anisotropic  or  not.  In  addition,  testing 
must  also  be  carried  out  at  various  points  within  an  octant  in  order  to  pin  down 
the  position  of  the. failure  surface  within  the  given  octant.  Since,  in  general, 
this  can  involve  a  prohibitively  large  number  of  tests,  it  is  expedient  to  reduce 
this  number  by  a  symmetry  argument.  Assuming  that  the  propellant  material  is 
isotropic,  it  follows  that  a  given  deformation  field  is  insensitive  to  any  ordering 
of  the  principal  axes  which  border  on  the  given  octant.  This  means,  for  example, 
that  interchange  of  the  x  and  y  axes,  in  any  test  in  which  these  axes  are  the  prin¬ 
cipal  axes  of  the  specimen,  produces  no  effect  upon  the  mechanical  parameters 
that  characterize  the  stress-strain  field.  The  same  argument  holds  even  if 
anisotropy  is  induced  as  a  result  of  applied  strain.  It  only  fails  when  the  material 
is  anisotropic  to  start  with.  It  follows  that  only  one -eighth  of  any  octant  bounded 
by  two  of  the  three  coordinate  axes  and  a  third  axis  collinear  with  the  hydrostatic 
vector  need  define  the  region  within  which  testing  can  be  carried  out.  This  can 
be  seen  very  nicely  by  referring  to  Figures  4. 14  -  4.23.  The  set  of  four  tests-- 
biaxial  tension,  hydrostatic  tension,  parallel-plate  tension,  and  simple  tensit-r 
{Figures  4. 14  -  4. 17)--form  a  sequence  which  defines  the  trace  of  the  yield  s \..—- 
face  in  the  plane  defined  by  one  of  the  coordinate  axes  and  the  hydrostatic  vector. 

In  order  to  complete  the  definition  of  the  position  of  the  yield  surface,  it  is  merely 
necessary  to  determine  the  trace  in  the  plane  bounded  by  any  two  of  the  coordinate 
axes,  for  example,  the  same  plane  in  which  the  biaxial  test  is  depicted  in  Figure 
4.14.  And  finally,  an  additional  check  may  be  provided  by  tests  at  some  intermed¬ 
iate  points.  It  is  believed  that  the  sequence  of  tests  outlined  in  Figures  4.14  - 
4. 17  is  sufficient  to  pin  down  the  yield  surface  within  the  extent  of  variation  that 
ordinarily  accompanies  failure  testing  in  any  one  octant. 

The  remainder  of  the  sequence  of  Figures  4  18-4.23  shows  the  mapping 
of  stress  vectors  produced  by  tests  in  other  octants.  The  sequence  was  chosen 
(cf  below)  from  the  total  possible  number  of  combinations  of  positive/negative/and 
zero  stress  components;  but  wt  numbered  in  a  fashion  better  suited  to  the  discus¬ 
sion  of  mapping  within  octant  L 

+  +  +  triaxial-hydrostatic  tension  -  octant  I 

+  +  +  triaxial-parallel  plate  tension-octant  I 
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+  + 
+  + 
+  0 
+  0 
+ 

0  0 
0  0 
0  - 


0  biaxial-planes  1 11,  1 IV,  1  IQ 

-  torsion-pure  shear-  octants  II,  VII,  III,  VI 
0  uniaxial-tension-along  each  positive  axis 

-  torsion  stretch  -  planes  II  III,  II  VI.  Ill  VI.  II  VII.  IUVII.V.-  VQ 

-  torsion  compression  -  octants  IV,  V,  VI 
0  identify-coordinate  origin 

-  uniaxial-compression-along  each  negative  axis 

-  biaxial-compression-planes  V  VIII,  VI  VIII,  VII  VIQ 

-  triaxial-hydrostatic  compression  -  octant  VIQ 

-  triaxial-parallel  plate  compression  -  octant  VIII 


The  tests  chosen  to  generate  the  various  mappings  of  the  6tress  vector  are  those 
in  common  use  today.  The  introduction  of  other  types  is  primarily  a  question  of 
experimental  ingenuity. 


4.  5.  3  Unfilled  non-vlscous  elastomers-large  strain  effects. 

In  Section  4.2.1,  the  character  of  the  stress-strain  Curve  in  simple  tension 
was  discussed  for  natural  rubber  vulcanizate.  Apart  from  pointing  out  that  the 
strain  at  rupture  is  large,  nothing  was  said  about  the  failure  criterion.  On  the 
other  hand,  nothing  was  said  about  the  effect  of  large  strains  upon  the  nature  of 
the  failure  criterion  in  4.  5.  2.  It  is  important  to  tie  these  two  sections  together 
in  order  to  evaluate  realistically  the  failure  of  unfilled  elastomers,  and  then 
filled  elastomers,  or  propellants. 

Let  us  recall  that  many  unfilled  elastomers  or  continuum  rubbers  are 
generally  well  characterized  by  incompressibility,  and  a  strain  erergy  function 
of  the  form  (4.2.9).  Associated  with  this  function  is  a  stress-strain  law  of  the 
form  (4.2.2).  Let  us  now  calculate  the  various  failure  criteria  with  the  aid  of 
these  expressions.  Denote  alternate  values  by  an  asterisk  and  order  the  sub¬ 
scripts  in  the  fashion  h.  >  X^>  V^,  or  c.> 

From  (4.  2.  2)  it  follows  that  the  ultimate  true  stress  is  given  by: 

(4.5.21) 

where  IT  is  determined  from  the  condition 


£  A* 

j  *« 


=  1 


(4.5.22) 
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The  maximum  of  the  three  values  among'??',  Tr*,  "5*^  is  appropriate  for  a  criterion 
based  on  maximum  principal  stress.  If  maximum  principal  stress  difference  is 
chosen,  one  must  write: 

2  of-  0^*  *  x  (.  **-  >0  (4. . .  cS) 

Note  that  this  may  be  numerically  greater  or  lesser  than  the  maximum  principal 
stress  depending  whether  r  £  is  positive  or  negative. 

The  maximum  principal  strain  difference  derives  from  {4.5.  23)  after 
division  by  twice  the  shear  modulus,  using  the  fact  that  the  Murnaghan  (or  finite) 
strain  is  given  by 

e.  «  £izL  (4.5.24) 

*■  2. 

(4.5.25) 

M.  Z M  Z 

This  latter  quantity  is  greater  than  the  maximum  principal  strain  for  ’ 

The  expression  for  the  mean  deviatonc  stress  may  be  simplified  by 
introducing  (4.  2.  la.b.c)  to  yield: 

\  (V ^-W*')**  (4.5.26) 

Note  that  this  quantity  is  greater  than  -Tjr  (I|-33  I,>  =1 

The  mean  deviatoric  strain  derives  from  (4.5.  26)  after  division  by  twice  the 

shear  modulus.  All  these  results  are  summarized  in  Table  4.1.  In  particular, 

the  formulas  for  uniaxial  and  homogeneous  biaxial  stress  fields  are  also  tabulated. 

Some  comments  regarding  Table  4. 1  are  in  order.  First  of  all,  note 

that  for  the  uniaxial  stress  field  all  the  yield  criteria, with  the  exception  of  the 

maximum  principal  strain  and  distortion  strain  energy,  are  proportional  to  the 

same  factor  (X^  -  X"*}.  A  similar  situation  holds  for  the  equal  biaxial  tension 

2  -4 

case,  except  that  the  factor  is  (X  -  X  ).  In  both  stress  fields  the  ultimate 
stresses  are  simply  equal  to  the  ultimate  strain  times  twice  the  shear  modulus. 
Second,  if  the  strains  are  large,  all  of  the  criteria  are  proportional  to  X  .  One 
might  suspect  therefore  that  the  problem  of  defining  an  ultimate  criteria  for  an 
incompressible  elastomer  is  straightforward:  measure  X  at  yield  (or  fracture) 


m 


SL 

u 


la 


f 

f- 
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in  any  kind  oi  stress  field,  and  as  long  as  1^3  the  error  made  in  failing  to  dis¬ 
tinguish  among  them  is  of  the  order  of  5  -  10%.  If,  however,  the  fracture  strain 
is  small,  of  the  order  of  20  to ‘30  percent  as  it  may  be  in  actual  rocket  motors, 
the  criteria  will  depend  upon  the  stress  state.  The  similarity  of  the  strain  pro¬ 
portionality  factor  for  many  of  the  criteria  implies,  however,  that  it  may  be  suf¬ 
ficient  when  designing  experiments  to  contemplate  testing  the  hypothesis  in  only 
three  of  the  original  seven  of  Table  4. 1,  namely  (i)  mean  deviatnric  stress 
(stress  distortion),  (ii)  distortion  strain  energy  (strain  distortion),  and  (iii)  max¬ 
imum  principal  (normal)  strain,  as  suggested  earlier  in  this  section. 


TABLE  4. 1 

f  -  1  -  111  '  - - - - - - - 

Yield  Criterion 

Uniaxial 
Stress  Field 

Equal 

Stress  Field 

General 
Stress  Field 

i 

maximum  principal  strain 

K  -  1 

A-t 

2 

maximum  strain  difference 

-r 

T 

3 

mean  deviatoric  strain 

-sr^-k) 

T<*-& 

-ivit*-3i1r 

4 

maximum  principal  stress 

mI#-  -k) 

5 

maximum  stress  difference 

■  -*•  O'.*— &) 

j  *(*-*) 

6 

mean  deviatoric  stress 

*«•-  51. 

7 

distortion  strain  energy 

ft***"*) 

As  an  illustration  of  how  one  might  predict  the  ultimate  values  of  the  yield 
stresses  and  strains  in  equal  biaxial  tension  and  pure  shear  from  uniaxial  ultimate 
strain  data  represented  by  h*.  consider  the  following  calculation  based  upon  a 
maximum  distortion  strain  energy  criterion. 

From  equations  (4.2.1a),  (4.  2.  2)  and  (4.  2. 9X  we  have 


S- 

(4.  2.  la) 

•  ; 

I9' 

II 

a 

(4.2.  2) 

£ 

>/„.«.=  3) 

(4.2.9) 
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where  >>  is  knows  from  experiment..  Now  for  an  equal  biaxial  stress  field,  using 
a  subscript  b,  the  first  invariant  is 


lik*  2  A*  4-j^-  5. 27) 

whereupon  equating  the  strain  energies  using  (4.  2.9)  and  the  respective  values  of 
lt.  find 

Afc 

One  root  i<  obviously 


A* 


The  other  root  is 
(4. 5.  28) 


which  corresponds  to  biaxial  compression  and  is  extraneous. 

1 

For  large  X*.  we  have:  X^  —  X*  /  -JT .  which  is  a  useful  rule  of  thumb  for  pre¬ 
dicting  biaxial  failure  (large  strain)  in  a  rubber  when  the  ultimate  uniaxial  strain 
is  known.  Similarly,  the  associated  stress  ratio  can  be  calculated  as 
On  the  other  hand,  for  small  strains  such  that  the  maximum  value  of  the  strain 
energy  is  srriii  enough  so  that  X  may  be  approximated  by  1  +6,  then  it  follows 

that  €.q  *  e*/2.  and  *  'uniaxial  at  fracture* 

For  the  second  case,  pure  shear  generated  in  a  material  by  applying  the 
extension  field 


A,  =  A, 


-I 


(4.5.29) 


leads  to 


■w 


M  I  1*  _  .  r*\  _  M  (A*— 1)*  Ml  ,  •*.  2  _\ 

=  -2-^-2^  A*>  -T^r  =-z'A  ’*7?"*) 


For  large  X 


whereas  if  the  strains  are  small 


(4.5.30) 


(4.5.31) 

(4.5.32) 


(4.5.33) 
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°»  __  4 

^  ~  “T  (4.5.34) 


Returning  to  specific  consideration  of  a  particular  unfilled  elastomer, 
consider  the  fracture  characteristics  of  gum  rubber.  The  properties  of  the 
simple  tensile  curve  at  yield  and  at  rupture  are  summarized  in  Table  4.  2  along 
with  some  predicted  and  measured  values  obtained  for  other  stress  distributions. 
In  connection  with  these  properties,  a  few  comments  can  be  made.. 

The  extension  ratio  at  yield  is  taken  to  be  6  on  the  basis  of  the  discontin¬ 
uity  in  slope  in  the  curve  of  Figure  4.  The  associated  r,  W  and  fj  are  tabu¬ 
lated.  For  large  strains,  it  is  necessary  to  adapt  a  definition  of  the  mean  devia- 
toric  strain  based  on  finite  elastic  theory.  It  is  convenient  to  work  with  Murna- 
ghan' s  definition  of  strain: 


6- 


(4.5.35) 


so  that 


(4.5.36) 


TABLE  4. 2 

Fracture  Properties  of  an  Unfilled  Gum  Rubber  Vulcanizate 
(p  «  1.76  kg/cm2,  E  «  5.28  kg/cm2,  1  kg/cm2  ■  14.22  psi) 

M  ■ 

Table  1 

Homogeneous 

Ref.  Line 

Failure  Mode 

Biaxial  Tension 

X 

1 

yield 

6.00 

*4.30 

HBggi 

6.00 

-r 

4 

12.0 

7.58 

4.  85 

wd 

7 

29.9 

29.9 

69.2 

29.9 

rd 

6 

12.0 

7.58 

12.0 

4.85 

ed 

3 

17.9 

17.9 

44.9 

17.9 

X 

1 

fracture 

7.65 

' 

a 

4 

32.0 

♦ 

32.0 

5.81 

7 

62.4 

62.4 

- 

- 

Bp 

6 

32.  0 

- 

32  0 

- 

wm 

3 

29.2 

- 

- 

- 

*  energy  criteria 
+  deviatoric  str  criterion 
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Now  define  the  strain  deviators  and  mean  deviateric  strain  by: 


e. 


_  JL 

'  3 


(4.5.37) 


e4  =  V3/?te,*->eJ  +  e»}  =  -iJ&F  31 J 


(4.5.38) 


after  some  algebraic  manipulation.  This  is  the  last  yield  parameter  tabulated. 

Of  the  five  chosen,  most  likely  candidates  for  the  yield  criterion  are 
W,  Cj  and  X,  as  mentioned  earlier.  To  date,  the  data  necessary  to  place  these 
quantities  on  a  firm  experimental  basis  have  not  been  procured.  In  the  mean¬ 
while,  some  predictions  will  be  made  for  biaxial  and  triaxial  tension.  Compari¬ 
son  is  established  with  the  only  available  multiaxial  data 

In  the  first  column,  under  the  heading  of  biaxial  tension,  it  is  assumed 
that  rupture  occurs  always  at  a  given  value  of  the  strain  energy,  approximately 
30  psi.  Notice  that  it  takes  less  biaxial  stress,  and  of  course,  less  biaxial  strain 
to  effect  yield  and  presumably  rupture  under  this  assumption.  If,  on  the  other 
hand,  the  mean  deviatoric  stress  is  chosen  for  the  yield  criterion  (second  column), 
then  the  sample  in  biaxial  tension  fails  at  the  same  stress  level  as  in  simple 
tension,  but  at  a  much  higher  strain  energy  level.  The  calculations  are  carried 
out  with  the  aid  of  (4.2.  2). 

The  case  of  triaxial  tension  introduces  some  new  features  into  the  picture. 
In  the  first  place,  a  truly  incompressible  material  cannot  deform  under  triaxial 
tension  unless  at  least  one  lateral  dimension  is  allowed  to  strain.  This  can  be 
accomplished  for  example  by  bonding  a  cylindrical  sample  between  two  rigid  steel 
plates.  In  this  case,  incompressibility  of  the  specimen  is  preserved  by  necking 
of  the  sample.  Gent  and  Lindley^'  subjected  such  poker-chip  specimens  to 
tension  and  found  that  the  stress-strain  curve  is  linear  up  to  a  point  at  which  the 
sample  suddenly  develops  an  internal  void;  they  term  this  the  triaxial  yield  point. 
Thay  show,  to  a  good  approximation,  that  the  average  applied  stress  level 
S'  (kg/cm^)  at  which  the  void  occurs  is  giver,  by  (4. 4. 5) 


s'=  Ee'li+|j]  =  P^ 


.bll 

a*  * 


(4. 5.  39} 


where  e1 
a 
h 


is  the  strain  level  at  yield 
is  the  radius  of  the  tablet  (cm) 
is  the  thickness  of  the  tablet  (cm) 

is  the  maximum  hydrostatic  pressure  acting  on  the  yield 
surface  just  prior  to  yield  (kg/cm^) 
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For  samples  characterized  by  h/a  «  0.  3,  they  measured  the  yield  stress  for  a 
number  of  rubbers  and  found  experimentally 

S'*  0.50  +  0.55  e  ■»  0.59  p'u  (4.5.40) 


by  (4. 5.39).  so  that 


P'm  =  0.8S  +  0.94E 


(4.5.41) 


Insertion  of  the  tensile  modulus  of  5.28  into  (4.5.41)  yields  the  tabulated 
value  of  5. 81  kg/cm  for  the  indirectly  measured  triaxial  stress  on  the  yield 
surface  just  prior  to  yield. 

It  is  possible  to  calculate  how  the  high  triaxial  stress  originates.  Cent 
and  Lindley  assume  that  a  tiny  microscopic  void  is  present  to  start  with  at  the 
center  of  the  disk.  They  assume  further  that  the  void  is  stretched  radially  like 
a  spherical  cavity,  and  they  compute  the  strer  as  the  point  at  which  the 
cavity  becomes  infinitely  large.  This  treatment  can  be  modified  for  two  reasons. 
First,  when  the  cavity  has  grown  large,  the  radially  symmetric  stress  distribu¬ 
tion  will  become  distorted.  Moreover,  from  the  start  the  cavity  is  not  being 
elongated  equally  in  all  three  directions.  Actually,  it  may  be  more  like  extension 
in  the  direction  normal  to  the  flat  specimen  with  2ero  displacement  in  the  two 
transverse  directions.  Since  such  a  displacement  field  is  impossible  for  a  cavity 
in  an  incompressible  medium,  however,  it  may  be  assumed  that  the  cavity  is  a 
small  cylinder,  lying  with  its  axis  perpendicular  to  the  pull  direction,  and  being 
stretched  radially  with  its  axial  length  held  fixed.  This  will  be  closer  to  reality 

than  the  case  of  the  spherical  cavity.  The  solution  of  this  problem  is  a  classical 

(4  141 

case  in  finite  elastic  theory'  *  ’  the  details  of  which  need  not  concern  us  here. 

Suffice  it  to  point  out  that  the  radial  stress  in  the  medium  around  the  cavity  is 
gi .  en  by 


A’. 


(4.5.42) 


where  the  bar  over  the  stress  symbol  indicates  true  streas  and 
X  is  the  radial  extension  ratio  ■  -£rVa*“am-vr* 


a  is  the  radius  of  the  undeformed  cavity. 

Far  away  from  the  cavity,  X  -*  1  and  the  stress  approaches 
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(4.5.43) 


v: 

H 


1„  A,  +  I  - 


Likewise,  the  tangential  stress  at  the  surface  of  the  cavity  is  given  by 


(4.5.44) 


which,  for  k>3,  behaves  exactly  like  simple  tension;  this  checks  the  facts  be¬ 
cause  the  surface  of  the  cylinder  is  assumed  to  stretch  tangentially,  but  not 
axially.  On  this  basis,  we  choose  the  yield  value  for  to  be  that  in  simple 
tension,  namely  6.  00.  Substitution  into  (4.  5.43)  yields  for  P*  a  value  of 

z  m 

4.85  kg/cm  (tabulated  under  the  heading  a  at  yield),  in  excellent  agreement 
with  the  measured  value.  Furthermore,  it  is  to  be  expected  that  the  measured 
value  will  be  higher  since  it  is  a  measured  break  rather  than  yield. 

The  first  strain  invariant  under  the  radial  stretching  of  the  cylinder  is 
given  by 


I,*  (4.5.45) 

'hi 


so  that  using  (4.  2.  9) 


w4*-y(*a*M  ~3^  *  0.8  8  3  »  29-9  (4.5.46) 

Thus  the  strain  energy  remains  constant  as  in  simple  tension.  With  admittedly 
only  fragmentary  evidence  it  appears  that  it  may  not  be  a  poor  assumption  to  take 
as  the  yield  criterion.  In  this  particular  case,  the  criterion  states  that  this 
particular  gum  rubber  vulcanizate  cannot  sustain  more  than  30  kg/cm^  or  425 
in-lbs/in^  of  strain  energy  density  without  yielding.  It  is  suggested,  however, 
that  similar  experiments  to  those  of  Gent  and  Lindley  in  both  tension  and  com¬ 
pression  be  expedited  to  provide  the  data  needed  to  define  the  yield  criterion. 

Illustrative  example:  On  the  basis  of  the  suggestion  made  in  the  previous 
section,  the  strain  energy  criterion  will  be  tentatively  adopted  in  order  to  demon¬ 
strate  the  use  of  a  failure  criterion.  In  the  strict  sense  of  the  word,  finite  elastic 
theory  should  be  used,  but  since  not  many  design  engineers  have  familiarized 
themselves  with  the  intricacies  of  this  treatment,  an  analysis  based  on  infinitesi¬ 
mal  theory  will  first  be  presented.  We  consider  the  classical  case  of  pressuri¬ 
zation  of  an  infinitely  long  hollow  bonded  cylinder  in  an  elastic  case.  Since  the 
nomenclature  from  here  on  is  familiar,  interjections  will  be  sparse.  Superscript 


bar  refer*  to  properties  of  the  metal  case.  Using  (4.  2.9}  in  the  form 


w-  = +►*[<£)”-  -SdS  +  tSn  14-5'4” 

with  p  as  the  internal  pressure,  one  finds  upon  the  appropriate  substitution  that 
at  the  inner  surface 

p*  (l-2vf(a/t,f(i-4.lt-t-3(H-»-2 y>» 

-m6>*  [1+4. -2i/  -*■  Ca/b^O-^l*  (4.5.48) 

where  <J>  =  C*-2^Vsl  is  the  effective  case  rigidity. 

For  an  infinitely  stiff  case,  for  example,  and  typical  large  web  fractions, 

^  3oVw>  (4.5.49) 

which  upon  using  =  (p/ 2)(I^-3)  from  Table  4.  2,  gives  a  maximum  internal 
allowable  pressure  of  170  psi.  Figure  (4.24)  shows  how  -aries  with  Poisson’s 
ratio  for  the  particular  case  when  0.004,  a/b  *  0.  25  and  p  *  1000  psi.  Note 
that  increases  very  rapidly  as  V  falls  below  The  need  for  such  a  large 
strain  energy  will  in  part  be  eased  by  relaxation  effects  in  the  propellant.  But 
a  very  important  reason  that  results  in  these  high  values  lies  in  the  error  made 
by  assuming  small  strain  theory  out  to  rupture.  The  error  made  is  akin  to  as¬ 
suming  that  the  initial  slope  of  the  tensile  curve  remains  constant  to  rupture. 

Thus  the  value  of  903  psi  is  not  to  be  treated  as  universal,  particularly  when 
large  strains  are  involved.  On  the  other  hand,  calculations  of  this  sort  based 
on  small  strain  theory  do  become  more  meaningful  at  low  temperatures.  There 
the  stress-strain  curve  does  become  linear,  while  the  ratio  of  p.  to  p  increases, 
as  does  the  relative  case  rigidity  effect. 

Because  it  is  extremely  impor;ant  to  be  able  to  apply  the  strain  energy 
criterion  to  practical  cases,  the  finite  elastic  analysis  of  the  infiniely  long 
internally  pressurized  cylinder  is  carried  out  in  Appendix  4.3  in  order  to  show 
the  type  of  error  which  may  occur  when  using  small  strain  theory.  The  analysis 
is  an  extension  of  the  results  that  were  presented  for  the  cavity,  and  in  order  to 
keep  it  fairly  simple,  it  is  necessary  to  assume  incompressibility.  The  analysis 
can  be  carried  out  for  a  compressible  material  with  a  bit  more  difficulty,  but  for 
present  propellant  materials,  a  representative  strain  energy  density  function  is 
not  available. 

The  result  given  for  the  assumed  incompressible  material  is 
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2  [la/b)  t><|>  +  M  U/b}*] 


(4.5.50) 


V  _ 

M  =  1> 


(4.5.51) 


which  is  the  large  strain  analog  to  (4.5.48).  For  small  case  rigidities. 


(4.5.52) 


and  it  is  easily  seen  by  comparing  (4.5.49)  and  (4.5.52)  that  the  energy  increases 
quadratically  with  pressure  in  small  strain  theory,  but  for  large  strains  ap¬ 
proaches  a  linear  asymptote  in  pressure. 

Thus  this  illustrative  calculation  demonstrates  that  if  the  grain  design  is 
such  to  permit  large  strains  in  the  propellant,  much  lower  demands  will  be  placed 
upon  the  allowable  strain  energy  than  were  indicated  by,  for  example,  the  900  psi 
figure  obtained  by  extrapolating  the  small  strain  theory. 


4.5.4  Filled  non- viscous  elastomers 

In  returning  now  to  the  practical  problem  of  rocket  grain  analysis,  it  is 
unfortunate  that  so  little  can  be  said  as  to  how  far  the  conjectures  of  the  previous 
section  can  be  e?  *d.  It  is  clear  that  fracture  prediction  will  not  be  nearly 
as  simple  for  higi  '  .^ued  elastomers  or  propellants,  since  the  materials  are 
compressible  and  may  yield  at  strains  as  low  as  20  percent  [\  *  1. 20)  where  as 
can  be  seen  from  Table  4. 1  the  criteria  depend  upon  the  stress  state.  Until  more 
experimental  data  becomes  available,  it  will  be  necessary  to  rely  upon  a  mixture 
of  continuum  analysis  and  engineering  judgment. 

Possible-fracture  criteria:  It  has  been  suggested  that  in  the  case  of 
unfilled  elastomers,  the  distortion  strain  energy  adequately  represents  the  onset 
of  fracture  or  yield.  In  the  case  of  filled  elastomers,  two  factors  complicate 
the  situation;  one  deals  with  the  cutting  of  the  polymer  chains  on  the  sharp  edges 
of  the  filler  engendered  by  the  high  local  stresses  around  the  particles,  the  other 
is  the  generation  of  voids  as  the  binder  is  pulled  away  from  the  filler.  Simple 
modifications  to  the  strain  energy  function  to  account  for  these  factors  can  be 
proposed  as  a  point  of  departure  for  future  work. 

The  first  modification  deals  with  the  cutting  of  polymer  chains.  This 
inference  is  borne  out  by  constant  strain  test  data  (i)  as  strain  is  increased,  time 
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to  rupture  decreases,  (ii)  at  a  given  strain,  the  modulus  decreases  with  time. 
Thus,  from  stress  relaxation  studies  at  various  strain  levels,  it  is  possible  to 
correlate  the  modulus  with  some  function  of  time  and  strain  level  and  also 
temperature.  The  strain  energy  criterion  now  becomes: 

•w  NfUi.-al  (4.5.53) 

Secondly,  the  void  volume  must  be  accounted  for  since  the  strain  energy 
is  defined  per  unit  volume  of  unstrained  material.  If  {5  is  the  void  fraction  en¬ 
gendered  by  pullaway  at  a  given  X,  then  (4.5.53)  becomes 

•W4=-^-x  (t,  X,T)tI,-3][  l-  3  CM]  (4.  5.  54) 

where  W  is  now  measured  on  the  sample  including  voids.  Measurements  of 

a 

void  volumes  can  be  done  microscopically  on  thin  films. 

Until  more  definitive  experimental  data  becomes  available  no  attempt  will 
be  made  to  present  an  example  of  typical  calculations  using  actual  propellant 
material  properties.  It  will  be  necessary  to  assume  that  the  behavior  of  filled 
elastomers  is  sufficiently  interpretable  by  unfilled  elastomer  analysis  to  permit 
stress  and  strength  analysis  calculations  in  propellant  grains,  and  to  rely  upon 
engineering  judgment  in  assessing  the  results  and  their  pertinence  to  the  design 
problem. 

4.  6  Cumulative  Damage  Theory 

In  any  discussion  of  failure  theory  for  viscoelastic  materials,  it  is  neces¬ 
sary  to  show  the  correlation  between  experimental  data  accumulated  at  constant 
strain  rates,  and  actual  test  and  environmental  conditions  wherein  the  strain  rate 
may  change  slowly,  rapidly  or  variably  during  the  time  under  consideration.  In 
other  words  one  may  pass  from  one  failure  surface  to  another  as  the  strain  rate 
changes.  Pending  the  determination  of  more  precise  procedures,  it  has  been 
proposed  that  one  may  use  a  cumulative  damage  concept  similar  to  that  used  in 
metal  fatigue  analysis,  in  order  to  account  for  the  amount  or  percentage  of  re¬ 
sistance  to  failure  used  up  as  the  strain  rate  takes  on  various  values  during  the 
loading  history. 

4.  6.1  Review  of  the  Miner  Law 

(4. 44) 


By  way  of  review,  it  may  be  recalled  that  Miner 


investigated  the 


use  of  a  cumulative  damage  criterion  in  aluminum,  where  the  basic  concept  was 

simply  to  add  together  the  relative  percentages  of  damage  at  each  stress  level 

(based  on  total  number  of  cycles  to  damage  at  each  stress  level)  until  a  hundred 
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percent  damage  was  attained.  Others'  *  '  have  extended  this  concept  to  other 

metals  and  loading  conditions  in  a  more  general  {non-linear}  way. 

Consider  for  example,  a  specific  illustration  where  the  usual  fatigue 
criteria  for  metals  of  N  cycles  to  failure  at  a  constant  stress  r*  (Figure  4.25) 
is  inappropriate.  Such  a  situation  often  occurs  when  the  loading  spectrum  is 
not  a  constant  stress.  Hence  while  one  may  expect  one  million  cycles  before 
failure  at  say  50,000  psi  stress,  suppose  the  applied  stress  is  halved  to  25,000 
psi  after  only  a  half  million  cycles.  The  natural  question  then  arises  -  how  many 
more  cycles  will  the  specimen  withstand  before  failure?  The  usual  approach  has 
been  to  consider  the  problem  from  the  standpoint  of  a  cumulative  damage.  In 
the  foregoing  example  one  would  say  half  the  "life",  say  ^  Njq  qqq>  had  been 
used  up  when  the  stress  was  reduced.  The  specimen  would  then  be  expected  to 
withstand  half  the  life ,  i.e.  ^  qqq,  at  the  reduced  stress.  The  total  life 
for  this  particular  assumed  spectrum  would  therefore  be  (N^q  q0q  +  qQq). 
The  general  formulation  for  a  spectrum  of  M  loadings  r^,  (i  t  1,  2,  3.  . . .  M),  is 


(4.6.1) 


where  the  life  L  *  2L  N..  N.  is  the  number  of  cycles  at  the  stress  «•. ,  and  N_ 
L«i  1  i  1  K. 

is  the  number  of  cycles  to  rupture  at  the  stress  o\.  In  the  simple  example 
chosen,  a  linear  cumulative  damage  law  was  assumed;  hence  n  *  1. 


4.6.2  Cumulative  damage  concept  for  rate-sensitive  media. 

Based  upon  the  preceding  concept,  it  is  proposed  to  inquire  whether  or 
not  some  similar  law  might  be  postulated  for  polymers,  whose  time  dependence 
analogously  to  cycles  is  associated  with  strain  rate.  Smith  has  found  a  correla¬ 
tion  between  ultimate  strain  and  strain  rate,  with  tempe’-ature  as  a  parameter 
(Figure  4.26),  for  specimens  tested  in  uniaxial  tension  at  a  constant  strain  rate. 
For  most  practical  applications  the  strain  rate  varies  during  a  test,  particularly 
if  the  applied  load  or  pressure  is  changing.  It  would  therefore  be  desirable  to 
be  able  to  associate  the  failure  of  specimens  subjected  to  a  varying  strain  rate 
to  that  at  constant  rate  for  which  data.  e.g.  a  Smith  curve,  has  been  obtained. 

Suppose  now  that  constant  temperature  conditions  are  assumed  for 
simplicity,  and  write 
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M  /  ■*•.  \* 


with  T  =  21  "ti 


(4.6.2) 


where  and  tRj  are  the  time  the  specimen  is  held  at  the  strain  rate  4^  and  the 
time  to  failure  at  4 .  respectively.  T  is  the  total  time  to  rupture  for  the  spec¬ 
trum  of  strain  rates  €  .(i  =  1.  2,  3 —  .  M).  Passing  now  to  an  integral  form  of 
the  linear  cumulative  failure  law. 


r  dtu) 


(4.6.3) 


from  which  T  is  to  be  determined  for  a  specified  spectrum  t(4)  and  Smith  curve 

lR(e). 

Ar,  a  practical  matter,  it  is  often  inconvenient  to  work  with  the  times 
themselves.  Actually,  given 


€  *  £  (*;,  it) 


(4.6.4) 


from  an  analytical  viscoelastic  strain  analysis,  then  by  differentiation 


4  ■*  6  j  *t) 


(4.6.5) 


or  inverting 


-t- 


(4.6.6) 


alternate  forms  are  possible.  For  the  constant  strain  rate  failure  data  (Figure 


4.26),  €R  =  €tR,  so  that 


-t  -  €-»^> 
4 


(4.6.7) 


where  an  analytical  representation  of  Figure  4.29,  tR  =  tR(e),  is  required  if 
numerical  integration  is  to  be  avoided.  The  alternate  scheme  in  (4.6.3)  is  to 
replace  dt  by  (9t/3€)9e  and  work  completely  in  the  rate  space. 

As  an  example  to  illustrate  the  mechanics  of  applying  the  postulate, 
assume.to  s-  iplify  the  calculations, that  the  actual  strain  response  of  the  par¬ 
ticular  geon.  ~vy  under  study  is  simple  creep  (Figure  4.27),  vi*. 

e  =  e.C«-e'^ 


(4.6.8) 


where  eQ  i»  the  initial  strain.  From  (4.6.8)  however  the  strain  rate,  by  differ- 
entiatio;:  following  (4.6.5),  is 


(4.6.9) 


where  is  the  initial  strain  rate.  Now  by  (4.6.6)  one  has 


and 


(4.6.10) 


(4.6.11) 

96  C 

Turning  now  to  the  Smith  curve,  but  replotting  the  data.  (Figure  4.28)  in 
the  form  t^  *  t^(4)  where  the  ultimate  strains  are  indicated  by  hashmarks 
on  the  curve,  one  proceeds  to  curve  fit  the  data.  For  illustrative  purposes  it 
is  sufficient  to  approximate  the  actual  Smith  curve  by  the  dashed  line 


(4.6.12) 


This  form  incidentally  may  be  recognized  as  approximating  the  actual  failure 
data  by  a  constant  rather  than  rate  dependent  ultimate  strain  --in  this  case 

e£  s  o.  2. 

With  the  assumed  viscoelastic  analysis  yielding  (4.6.10)  and  (4.6.11), 
and  with  an  approximate  failure  threshhold  given  by  (4.6.12),  the  cumulative 
damage  postulation  gives  simply 


fim 

\  V  *?d£« 

\  i_| 

X 

L  4  ) 

,ecn 


(4.6.13) 


and  hence 


e: 

t 


4.-4  =  4.0-  e  x) 


(4.6.14) 


so  that  failure  would  be  anticipated  when  the  initial  strain  rate  e.5t G./x  duced 

by  the  amount  e^/x  •  For  a  x  .  the  characteristic  relaxation  .  .  say  1 
second  and  »  0.2.  failure  .hould  occur  when  the  initial  strain  rate  is  reduced 
by  0.2  in/in/sec. 

The  life  is  then  found  to  be  proportional  to  the  characteristic  relaxation 
time,  viz. 
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(4.6.45) 

While  certain  liberties  have  been  taken  in  approximating  the  failure  data 
in  order  to  demonstrate  the  means  of  carrying  through  the  estimate  of  failure 
time,  the  steps  are  believed  to  affect  the  results  in  degree,  not  in  principle. 
Indeed,  given  an  actual  viscoelastic  3train  analysis,  the  failure  hypothesis  could 
be'tested  by  numerically  integrating  (4.  6.  3)  using  the  actual  Smith  type  data  for 
the  particular  material  involved. 

There  are,  however,  fundamental  point*  still  to  be  resolved;  first,  the 
form  of  the  cumulative  damage  criterion,  and  second,  its  pertinence  to  combined, 
rather  than  solely  uniaxial  tensile,  strain  fields.  With  regard  to  the  first,  one 
might  postulate  an  average  value  of  t(e  )/t^(e )  over  the  strain  rate  range  4.  to  4 
equaling  unity.  Also  S.  R.  Valturi  has  suggested  as  an  alternative,  a  cumulative 
energy  correlation  based  upon  integrations  of  9  9t(j  e^),  inasmuch  as  he  observes 
the  Smith  data  straightens  out  well  on  log-log  paper  when  e4  is  plotted  versus  tg. 

While  it  is  too  early  to  make  definitive  statements  regarding  the  application 
of  cumulative  damage  concepts  to  elastomers,  certain  initial  experiments  have 
not  disproved  its  applicability.  L.  D.  Stimpson  has  performed  one  set  of  pre¬ 
liminary  unpublished  tests  using  polyurethane  tensile  specimens  at  the  Jet  Pro¬ 
pulsion  Laboratory  in  the  following  way.  Suppose  two  different  samples  are 
strained  to  failure  at  constant  strain  rate,  •-lie  at  a  higher  rate  than  the  other 
(see  inserts). 


Now  suppose  instead  that  the  first  sample  had  been  .strained  on  the  Instron  testing 
machine  at  its  rate,  R,  ,  only  part  way  and  then  strained  the  remainder  of  the  way 
at  the  higher  rate,  R.,,  as  follows. 


LO«n  H»T«  MOMS*  »AT* 


Linear  accumulation  based  on  strains  then  would  be 


a€,  ,  aEt  _  , 

€.  e»  ~  4 


(4.6.16) 


whereas  based  on  energy  —  ^rdfe  «  areas  under  curves  would  give 

f*4*  f'**' 

..  \  crde  \  ad* 

-  J - j-  . . -al  (4.6.17) 

a,  A,  r«.  ,  r«* 

\  crde  \  ad* 

In  order  to  examine  the  extent  of  correlation  on  either  of  these  two  bases,  several 
samples  have  b’en  run  at  various  strain-rates  and  some  have  been  run  with  mid¬ 
path  changes  in  atrain-rate.  Figure  4.  29  is  a  typical  run  in  which  three  different 
strain-rates  were  used. 


In  spite  of  the  few  tests  made  with  noticeable  scatter  in  the  results  and 
certain  shortcomings  in  the  technique  of  changing  rate,  the  results  show  that 
accumulation  based  on  either  strain  or  energy  appears  feasible.  It  is  felt  that 
there  will  be  more  means  for  determining  the  best  basis  of  accumulation  at 
strain-rates  higher  than  feasible  on  Instron  equipment.  Runs  at  lower  tempera¬ 
tures  and  moderate  rates  on  an  Instron  may  also  produce  a  similar  result.  Cer¬ 
tainly  many  more  runs  need  to  be  made  in  order  to  account  for  the  statistical 
variation  in  propellant  specimen*. 

Table  4.3  presents  the  results  from  some  of  the  preliminary  tests  show¬ 
ing  the  values  obtained  upon  accumulation  based  on  strain  and  energy.  A  value 
of  unity  represents  an  accurate  cumulative  result,  whereas  spreads  of  values 
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are  due,  in  part,  to  sample  variation.  A  slight  bias  above  unity  seems  to  exist 
and  has  been  found  to  be  even  larger  in  the  latest  runs  which  suggests  non-linear 
accumulation  may  be  more. accurate.  Roughly  speaking,  the  initial  sample  var¬ 
iations  are  at  most  about  +  10%  whereas  the  cumulative  spreads  are  about  +  20%. 
The  actual  standard  deviations  are  shown  and  about  do i. ole  in  the  cumulative 
process.  This  increase  in  spread  is  expected  and  corresponds  with  tha'  found 
in  metal  fatigue  tests. 

In  order  to  make  Table  4.3  more  understandable,  consider  the  first 
accumulation  run,  no.  1878.  Preliminary  tests  made  separately  at  74%  strain/ 
min  and  at  7.4%  strain/min  all  the  way  to  failure  resulted  in  mean  values  for 
strain  to  break  of  64%  and  41%,  respectively.  In  run  no.  1878  a  specimen  was 
strained  at  the  first  rate  until  it  had  reached  32%  elongation  or  half  its  potential 
strain.  Then  it  was  continued  at  the  second  (lower)  rate  until  break  which  was 
an  additional  24.5%  elongation  (based  on  original  length).  Performing  the  accu¬ 
mulation  based  on  strain. 


32  V.  24.  S  V.  _ 

£.4*4  4  tv. 


(4.6.18) 


which  appears  under  the  total  accumulation  column.  The  energy  accumulation 
was  performed  in  a  similar  way  with  53%  of  the  potential  energy  occurring  during 
the  first  strain-rate  and  49%  during  the  second  (based  on  total  energies  at  the 
respective  constant  rates  from  previous  tests  taken  all  the  way  to  break).  These 
energy  percentages  are  tabulated  immediately  below  the  strain-rates  in  the  table. 

In  another  separate  series  of  unpublished  tests,  McCullough 
of  The  Thiokol  Chemical  Corp.  has  essentially  repeated  the  experiment  using 
a  polyisobutylene-acrylic  acid  propellant.  His  degree  of  correlation  has  also 
been  encouraging  although  not  conclusive.  He  obtained  15  to  20  percent  deviation 
when  predicting  mixed  rate  results  from  constant  rate  data,  with  the  standard 
deviation  being  somewhat  smaller  for  a  strain  rather  than  energy  correlation. 

Should  subsequent  experiments  establish  that  some  sort  of  cumulative 
damage  hypothesis  has  quantitative  merit  in  simple  examples,  it  would  then  be 
appropriate  to  attempt  requirements  in  the  form  of  non-linear  accumulation, 
variable  temperature  situations,  and  combined  stress  or  strain  fields. 


TABLE  4.  3.  CUMULATIVE  DAMAGE 


Run  No.  Strain  Rates  (in/ in/ min)  Total  Accumulation 

%  Accumulated  at  each  S.  R.  Strain  Energy 

(Energy  Basis)  Basis  Basis 


Standard  Deviations 
Energy  Initial 

Basis  Dita 


Run  No 


-252- 

TABLE  4.  3  CUMULATIVE  DAMAGE  (continued) 


Run  No. 

Strain  Rate  (in/in/min) 

Total  Accumulation 

Standard  Deviations 

%  Accumulated  at  each  S.  R. 

Strain 

Energy  Energy 

Initial 

(Energy  Basis) 

Basis 

Basis 

Basis 

Data 

1st  2nd 

3rd 

4th 

1961 

. 037  . 37 

3.7 

■ 

' 

14  30 

70 

1.20 

1.14 

1962 

. 037  . 37 

3.7 

13  31 

54 

1.02 

.98 

1963 

.037  . 37 

3.7 

y  o.n 

0.08 

2d  50 

34 

1.09 

1.12 

* 

1964 

.  037  . 37 

3.7 

44  32 

27 

.97 

1.03 

J 

2093 

.0074  .074 

.74 

19  .? 

54 

12  ' 

2094 

. 0074  .  074 

.74 

11  30 

67 

1.08 

2095 

.0074  .074 

.74 

23  48 

5£ 

1.22 

2096 

.0074  .074 

.74 

j 

1 

17  48 

63 

1.16 

►  0.17 

0.07 

2097 

. 0074  . 074 

.74 

7.4 

5  8 

19 

87 

1.19 

2098 

.0074  .074 

.74 

7.4 

3  7 

18 

101 

1.29 

2099 

.  0074  . 074 

.74 

7.4 

1  6 

21 

81 

1.09 

2100 

.  0074  . 074 

.74 

7.4 

8  9 

19 

77 

1.13 

> 

J 
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APPENDICES 

I.  Stress  Analysis  of  a  Thin  Clamped  Disk 

II.  Crack  Propagation  in  Viscoelastic  Media 

III.  Large  Plane  Strain  Analysis  for  Distortion  Energy  in  a 

Hollow  Tube 


APPENDIX  I 

Stres*  Analysis  of  a  Thin  Clamped  Disk 

Zn  the  course  of  analyzing  failure  characteristics  of  propellant  specimens, 
it  was  indicated  that  one  could  test  under  essentially  hydrostatic  tension  conditions 
by  cementing  a  thin  disk,  or  poker  chip,  of  the  material  between  two  rigid  (steel) 
supports  and  exerting  tension  in  a  direction  perpendicular  to  the  faces.  Under  such 
loading,  the  center  of  the  specimen  would  be  subjected  to  a  three-dimensional 
tensile  stress.  The  elementary  analysis  of  the  problem,  assuming  the  disk  radius 
is  infinite  such  that  plane  strain  conditions  hold,  leads  to  the  result  that  the  radial 
and  circumferential  stresses  are  equal  and,  for  an  isotropic  homogeneous  medium 
with  Poisson  ratio,  -il  ,  proportional  to  the  applied  axial  stress 

°-.~T^rCr,  W 

It  may  be  noted  that  for  an  incompressible  material  not  only  is  the  stress  state 
triaxial,  but  it  is  also  hydrostatic  leading  to  there  being  no  shear  distortion  in  the 
spt  r.imen. 

Coupon  tests  have  been  employed  by  Gent  and  Lindley*  in  their  experiments 
upon  rubber  and  by  l.ehrer  and  Schwalzbart**  in  metals.  The  purpose  of  the 
following  analysis  is  to  calculate  the  stresr  distribution  in  a  compressible  thin 
disk  of  finite  radius. 

Gent  and  Lindley  were  concerned  witn  displacements  and  their  analysis 
employed  what  was  equivalent  to  a  *t  Kimum  potential  energy  solution  to  predict 
deformations  and  an  apparent  modulus.  However,  for  their  approximation,  a 
variational  procedure  was  r.ot  used  because  the  only  free  constant  in  their  analysis, 
the  amplitude  of  the  assumed  parabolic  deformation  or  bulge,  was  fixed  by  the 
condition  of  incompressioility.  While  their  analysis  could  be  extended  by  introducing 
a  higher  order  deformation  shape  and  a  provision  for  compressibility,  it  does  not 
seem  warranted  at  this  time  because  our  current  interest  is  concerned  with  stresses. 


*  'Internal  Rupture  of  Bonded  Rubber  Cylinder  in  Tension”  ,  Proceedings  Royal 
Society,  A.  Vol.  249,  p.  195,  1959. 

**  ''Static  and  Fatigue  Strength  of  Metals  Subjected  to  Traixial  Stressed",  Institute 
of  the  Aeronautical  Sciences,  Paper  No.  60-12,  January  1960. 


*1 


-278- 

Complementarv  c.iergy  analysis.  -  Thu  stress  analysis  will  be  carried  out 
using  the  minimum  complementary  energy  principle  4 

*» 

for  a  disk  of  thickness  2h  and 

unit  radius.  The  faces  z  *  +  h  \ 

are  assumed  to  be  rigidly  bonded  '^T  r,  a 

to  much  stiffer  supporting  plates.  ifa7?7?7777777777777777?7777777777777Zff? 

We  may  therefore  formulate  the 

problem,  assuming  circumferential  symmetry,  ss  requiring  the  satisfaction  of  the 
field  equations  of  equilibrium 

£Hr  +  .ffr  —91*,  +  _ Tr»  =  ©  #2% 

sr  r  ^  am  11 

aTn  4  25a.  +  _  e  (3) 

jr  *  r  *  a*  1  * 


and  compatibility 

(  «  a+jaLV  -  gecry-gV)  ^  jq 

Var*  ^T=5r^  r*  i+i/  ° 


|p  +  |ji')  <T,  + 


ir°s)+_L_ 

r*  i+v  r^r  "" 


*  1  »  ,  3\V  4  «  a* t  -  Q 
v-ar*  +  r5r  +  a?J°a  +TVir-=TaS' ~  ° 

+  rsr+  az*)^y* ”  ~^T  +  wv  "Wr'Sii  ° 

where  ®sOr  +  C#  +  CTX-  The  boundary  conditions  are  on  the  faces 

v(r,  e,  ±-*)  =  vtr. 


ur  Ctj  6,  ±  ■*.)  *  ±  ur. 


and  on  the  unloaded  circumference 

Orr(t,  ©,  T)~  7V.ll,  6,k)  = 


I 
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The  elasticity  solution  to  this  problem  is  a  formidable  one  which  is  the 
reason  for  using  an  energy  approach.  The  theorem  of  minimum  complementary 
energy  requires*  that  a  proposed  stress  state  is  admissible  if 

a)  it  satisfies  the  stress  equations  of  equilibrium*  and 

b)  the  boundary  conditions  on  that  part  of  the  boundary 
where  stresses  are  prescribed. 

Inspection  of  (2}-{7),  and  (8)-(10)  indicates  by  implication  that  the  compatibility 
equations  may  not  necessarily  be  satisfied*  nor  may  the  displacement  boundary 
conditions  (8)  and  (9)-  The  theorem  however  guarantees  that  if  there  is  some 
arbitrariness  in  the  proposed  stress  state,  it  may  be  adjusted  by  minimizing  the 
complementary  energy 


•  ,**rl 

-  2  \  \  o’,  (•»;*)  ur.r drde 

(11) 

to  give  the  best  possible  averaged  satisfaction  of  the  compatibility  and  displacement 
boundary  conditions. 

The  heart  of  the  problem  lies  in  the  initial  choice  of  the  admissible  functions 
which  is  accomplished  mainly  by  intuition  and  experience.  Without  any  rationalization 
at  this  time,  consider  the  following  set  which  was  chosen  for  reasonable  simplicity 
in  the  subsequent  algebra  required. 

<Tr=  A  (1-  r")  cosh^  X 

(12) 

cr.=  -j^A[i-(n+or%  rFtLr*]  costfJLlZ * 

(13) 

cra=  <r.+[t— '][2Acosh^z  or.] 

(14) 

(15) 

It  will  be  found  upon  substitution  into  (2)  and  (3)  that  the  equilibrium  equations  are 
satisfied,  whereas  insertion  of  r  *  1  into  (12)  and  (15)  satisfies  (10).  The  function 
set  is  therefore  admissible,  and  furthermore  contains  a  degree  of  arbitrariness 
represented  by  the,  at  present,  unknown  constants  q-  ,  A,  p,  and  n.  These  latter 
constants  will  be  determined  by  minimizing  V*,  e.  g.  9V*/8o^  =  0,  etc. 

*  See  Sokolnikoff,  Mathematical  Theory  of  Elasticity,  McGraw  Hill,  1956. 
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In  passing  it  may  be  noted  that  the  exponents  n  and  p  must  exceed  0  and  1 
respectively  in  order  that  infinite  stresses  are  not  introduced  at  the  origin.  Also 
the  set  has  been  chosen  in  such  a  way  that  at  the  origin  r  «  s  «  0, 

<fr=»  O',  »  T-7~  °a  (1) 

to  yield  the  desired  limit  as  the  disk  thickness  approaches  zero,  or,  what  is  the 

same,  the  radius  of  the  disk  becomes  infinitely  large.  Finally  o^>  although 

unknown,  may  be  identified  as  the  average  tensile  stress  acting  on  the  face  to  cause 

the  deformation  v/ . 

o 

For  convenience,  we  define 


and  proceed  to  insert  (12)-{15)  into  (11}  to  obtain  the  complementary  energy  as  a 
function  of  the  parameters,  V*  =  V*(A,  (TQ,  n.  p).  After  the  intergration  and 
algebraic  reduction,  there  results 

JjLv"*  (s,4  Sm-  2  VS*yt,  +  ■+  2 

-«-0-/-fL-2ew.cr,-4->iVA<r.  (-^^SinhyM^. 

Where  the  following  notation  has  been  employed 

2(n-MXn+2) 


.  T  nCn-4-fel  1  1. 


P-hS 

fetp+Fl 


.  (I9) 


-  <P-«f 

^  2P 

4(P+3)(n+P+3Xn+4) 

ntP-0 
s»*  p-4-n+l 

(P-'f 

A(p-»3l(P+0 


^  i [sinh  2/WR.-+  2yM-R-] 


(26) 
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/^*lsinh  2mH+  -M&\  - 
t4  =  .^^L^Sinh  2M*v+  2m% L] 


(27) 


Ths  minimizing  condition  8V*/  BA  *  0  leads  to 

r 2Sj- 2*  st  m*-  *>  •"*  o'.  sinv»>i<. 

^  ‘Wt.  -  ii...^— iii.  — .  — —  k—  i  _—  i  -i  n  —  ...  i  i-  ■  .  .  .  -  ■  ■  -  ■  i  —  — 

[(.S1+%-2VS*lX4-1-S,-2^XmSs  t  2  (1+  v)X*St'][smh2xK+  2^K]~  a{l+Vlx*-*.S*. 


(28) 


while  8V*/8<T  =*  0  in  conjunction  with  (28)  gives 


^  (29) 

0*5=  -■-  S.  f2S»-'(2gK-»-$^l.)yx*3*»mh»xf.. 

2  2x«-L{(S.-»Sa-2VSA1x*  +  Sj-2  yx*S,-+2  (i-fy)x*S*J  [«mh  2mR.-+ 2x<)  -  8X*&(>+*)^J 

CTo  can  then  be  inserted  into  (28)  to  determine  A  *  A(  wo).  With  A  and  CT0  known 
as  functions  of  (na  p,  w0)<  they  can  be  inserted  into  (17)  to  find 


V*=  V*  (n,  P  ;  w.) 


(30) 


In  principle,  therefore,  one  could  add  the  additional  minimizing  conditions 
8V*/8n  *  0  and  8V*/  8p  a  0  and  find  finally  r.  ar.d  p  as  functions  of  the  applied  de¬ 
formation  w  and  of  course  the  thickness  parameter  h.  Hence,  all  the  constants 
o 

A,  (j-  ,  n,  and  p  are  known  in  terms  of  and  h  can  be  placed  back  into  (12)-(15) 
to  give  the  finall  approximate  stress  distribution. 

From  the  algebraic  standpoint,  however,  it  proves  simpler  to  try  various 
values  of  m  and  pj  in  (30)  and  compute  the  corresponding  value  of  V*.  There  will 
be  some  pairs  that  will  give  the  algebraic  minimum  by  this  trial  and  error  procedure 
which  is  equivalent  to  the  minimization  condition. 

At  this  stage  in  the  analysis,  it  is  worth  re-examining  the  necessity  for  find¬ 
ing  this  stress  distribution  with  due  consideration  to  the  computational  work  involved. 
At  least  one  solution  is  now  available,  but  it  may  be  worth  investigating  other  function 
sets  to  see  if  they  maybe  computationally  simpler.  Furthermore,  it  is  recommended 
that  any  computations  be  first  carried  out  for  an  incompressible  medium,  *{*?«1. 

If  additional  work  on  this  solution  or  variations  of  it  are  thought  warranted,  it  will 
be  reported  at  a  later  time.  The  only  qualitative  statement  which  can  be  made  at 
this  time  is  that  the  true  values  of  n,  p  •dll  probably  be  fairly  large  corresponding 
to  a  stress  distribution  fairly  close  to  (1)  over  a  large  part  of  the  central  portion  of 
the  disk.  One  major  limitation  of  the  technique  is  that  both  n  and  p  will  depend  upon 
the  width/thickness  ratio  of  the  sample,  so  that  a  parameter  study  of  the  latter 
ratio  would  entail  an  iteration  of  the  computation  of  n  and  p. 
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APPENDIX  n 

Crack  Propagation  in  Viscoelastic  Media 

In  the  body  of  the  report,  the  stress  distribution  near  a  small  crack  in  a 
large  thin  sheet  subjected  to  a  uniform  tensile  stress  was  discussed.  Further,  it 
was  pointed  out  that  the  viscoelastic  and  elastic  stress  distributions  are  the  same 
for  this  loading,  thus  leading  to  the  possibility  of  computing  the  viscoelastic  strains 
and  displacements  from  the  basic  elastic  information.  The  purpose  of  the  following 
analysis  is  to  use  this  information  to  predict  crack  propagation  characteristics  in  a 
viscoelastic  medium. 

From  the  basic  solution*  the  biaxial  stress  distribution  in  the  plate  strip 
subjected  to  a  tension  is 


Mitt* 


t/'x*-  b1  } 


;  *>»» 


+  ;  -*>»,  (2-a) 

=  o. + ' ' ']  ;  **•>♦*  (2~b) 


FI&UCMK  a 


where  it  is  clear  that  the  stress  becomes  infinite  as  the  point  of  the  crack  is  ap~ 
proached.  In  order  to  circumvent  the  necessity  for  conducting  a  large  strain,  elasto- 
plastic  solution,  it  will  arbitrarily  be  assumed  that  the  stress  may  build  up  to  a 
specified  value  at  a  distance  4  from  the  crack  tip  and  remain  constant  throughout  the 
interval  0  £  x-b  ^  S  until  an  ultimate  one-dimensional  strain  €*  is  reached. 


*  D-  D.  Ang  and  M.  L.  Williams:  Combined  Stresses  in  an  Orthotropic  Plate 
Having  a  Finite  Crack.  GALC1T  SM  60-1,  California  Institute  of  Technology, 
January  I960  (rev.  September  I960). 
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PIOUPMS  to 


It  should  be  observed  that  the  elastic 
solution  is  no  longer  correct,  because 
the  specimen,  by  the  equations  of 
equilibrium,  is  presumed  to  be 
absorbing  the  stress  indicated  by  the 
dashed  line.  Thus  the  load  represented 
by  integrating  the  stress  between  x  eb 
and  x  »  b  +  &  is  not  accounted  for  when 
the  truncation  is  made.  Therefore  the 


actual  stress  distribution  would  be  more  like  the  dotted  line,  with  the  additional 


area  accomplishing  the  necessary  force  balance.  On  the  other  hand,  because 


FiGun«  c 


this  (dotted)  distribution  cannot  easily 
be  calculated,  and  because  it  is  desirable 
to  still  have  the  force  balance,  the  analysis 
wit',  be  carried  out  using  the  modified 
truncated  stress  distribution  shown  in 
Figure  c  on  which  areas  Aj  and  A ^  are 
equal.  If  the  existence  of  such  quantities 
as  £*  and  &  can  be  established  by 
experiment,  then  the  following  analysis 
could  lead  to  useful  results. 


Visualize  then,  the  conditions  along  the  line  of  crack  prolongation,  and 
assume  that  the  internal  forces  along  the  shear  free  line  are  carried,  for  simplicity. 


by  a  series  of  discrete  Voigt  elements 
averaged  over  the  characteristic  length 
The  mechanism  postulated  is  that  each 
el-roen*  will  strain  as  a  result  of  stresses 
(  Cx  arid  <7y)  which  are  constant  over  the 
length  6  assigned  to  each  element  as  shown 
in  Figure  d.  The  values  of  these  stresses 
are  determined  from  equations  (1)  and  (2) 
and  the  equilibrium  condition  discussed 
earlier.  Namely  we  assume  that  for  a 
crack  width  2b,  the  stresses  acting  on 
element  (n)  are  the  average  values: 


ptsoeti  d 
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»  iC  _ *i-— 

■=Tlrj  5  \Ji'l"pa 


,V-  liw)  4  - - -  ,_ 

■§2=cx\'^?dx  “  T~\  L 1  "*  V*‘-b*  i*+v**-'b‘  il4* 

*  ■  W  %*«4 

= y^T^+'YW]  +  - n"  1 +  ^iCn+0*-re]+...(3  ^ 

After  the  strain  in  the  first  element  reaches  e  *,  it  will  break  and  the  stress 
distribution  will  shift  by  one  &  width;  i.e.  the  stress  which  had  been  acting  on  the 
element  n  is  now  acting  on  element  n  +  1,  where  the  effective  crack  length  to  be 
used  is  2  (b  +  &  ).  After  m  translations,  or  after  element  (m  -  1)  breaks,  one  has 

To  reiterate,  o^is  the  average  stress  acting  on  element  In)  before  element  (m) 
breaks,  but  after  element  (m-1)  has  parted.  Thus,  the  stress  at  the  crack  tip  is 
given  approximately  by 


ilt*3 


Vb+m 


<£7  + % 


It  is  cleat  that  if  &  is  assumed  to  be  a  fixed  characteristic  dimension,  the  stress 
acting  on  the  element  at  the  crack  tip  is  not  limited,  but  increases  with  crack  length. 
However,  in  the  initial  stages  of  crack  growth  {mi  «  b)  the  stress  is  practically 
constant  as  seen  from  equation  (4-b). 

Since  we  now  have  the  two-dimensional  stresses  as  a  function  of  crack  position, 
the  time  dependent  strain  in  each  element  can  be  found  from  the  plane  stress,  stress- 
strain  equation.  For  an  elastic  material,  we  have 


e,  ^-g-Ccr,  --voV) 


(5) 
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For  simplicity,  we  will  assume  an  incompressible  medi'.un  (  V  *5).  The  visco¬ 
elastic  strain  is  obtained  in  the  usual  manner  by  replacing  E  by  its  equivalent 
differential  operator*  which  for  a  Voigt  model  is* 

«*(■*&*  0  {6) 

where 

E v  m  modulus  of  the  spring  in  parallel  with  a  dashpot 
with  viscosity  q 

"t  *  q/Ey  *  retardation  time  of  model 

Insertion  of  (6)  into  (5)  yields  the  viscoelastic  stress-strain  equation  which  applies 
to  each  element  , 

In  terms  of  the  notation  used  in  equation  (4),  equation  (7)  becomes 


(8) 


where  £„  is  the  strain  in  element  (nl  before  element  (m)  breaks,  but  after  element 

(m-1)  has  parted.  If  we  denote  the  time  at  which  element  (m)b.-eaks  by  t^,  then 

equation  (8)  applies  to  the  time  interval  t  ,  £  t  (  t  .  In  this  time  interval  the 

in  m  1  ni 

right  hand  side  of  (8)  is  constant  so  that  we  can  integrate  it  for  the  strain: 


(9) 


Oo-ftrKF*  0]e'^ 

where  e„  is  defined  as  the  strain  existing  in  element  (n)  at  the  time  element  (m-1) 

breaks,  which  is  t  If  we  set  t  ■  t  .in  equation  (9),  the  initial  condition 

m-i  m-i 

is  satisfied.  Letting  t  -*•  co9  we  have 


<r. 

0:! 

1  ,  « 

Bvl 

4_i_+  ; 

1- 

-m-H')! 

2.  3  Vb+w  S 

(10) 


*  See  the  comments  in  the  text  regarding  the  use  of  an  approximate  compliance 
representation  (  4.  4.  33  )  for  greater  generality,  but  with  increased  algebraic 

complexity. 


-286- 


which  is  the  long-time  or  equilibrium  strain  that  would  result  if  element  (rr*  "id 
not  brea*..  It  is  seen  from  equation  (10)  that  this  is  a  known  value  if  the  crack 
position  is  given.  Therefore  as  a  matter  of  convenience  we  shall  write  (9)  as 


and  the  strain  at  the  time  when  element  (m)  breaks 


(ll-a) 

(11-b) 


This  expression  can  new  be  used  to  calculate  the  time  at  which  each  element  breaks 
and  hence  will  give  the  crack  velocity  us  a  function  of  time. 

Consider  first  the  strain  in  element  zero  for  0  ^  t  4  te,  so  that  n  •  m  a  0  and 

ef' -  Ur  -  *5)  *“ ^ 

in  which  we  must  define  t_  j  a  0,  ^  a  0  to  satisfy  the  initial  condition  that  the 

material  is  unstrained  at  t  a  0.  Hence, 

er*e2t»-e'*J 

Element  (0)  breaks  ttat#  when  ej^  «  €*» 

Solving  for  t0» 

<i5> 

•• 

which  is  the  time  that  elapses  before  the  crack  starts  to  run.  From  equation  (10) 


assuming 


X 

* 


-M-  ^Krl 


(14) 


Equation  (11)  gives  the  strain  in  the  next  element  at  t  *  as 

e‘ok~  +  [«“  -  *Vi  ]  e“  ^  »  «*  (15) 

In  order  to  find  tj»  must  he  determined  from  (11-b)  and  (12) 

•« 

Inserting  t'*  .i  expression  in  (15)  and  solving  for  t 

~T  *  T*  e/;]  “  "t  +  lm['+  ejs-<%  1 (  > 

It  is  observed  '-at  all  of  the  strains  appearing  are  equilibrium  values  .*.nd  are  thus 
kno-.n  from  equation  (10).  By  assuming  that  the  strain  €*  at  which  the  element 
breaks  is  much  smaller  than  the  equilibrium  strain  «  or  equivalently  that  the 

retardation  tinr  j  T  is  mu;h  larger  than  the  time  interval  tj  -  t0,  equation  (16) 

»jnr'.  ifies  to 

t.  4,  -t.  e*  r.  sff  1 
T^T^Tfi1  -£$r] 

.'If;  >nd  assuming  J*.  t<  1,  it  is  found  that 

*.  _  -t.  .  **Vz  i/ b  (2-yjn  „„ 

— (*7So -  '  1 

The  initial  velocity  of  crack  propagation  is  given  by 

v  -  * _ k/T 

.and  from  (17)  is  approximately 

t<r./gy)VbT  (18) 

V‘  ~ 

As  a  rough  means  of  estimating  £  ,  consider  McCullough's  preliminary  data*  shown 
in  the  figure  in  the  region  of  constant  stress,  from  which  Vs  2  x  10  ^  in/sec, 
orQ  *  20  psi,  b  m  0.  2  inches.  Using  typical  room  temperature  properties  gives 
6  ***  10  ^  inches,  which  does  not  seem  to  be  an  unreasonable  magnitude  and  may  be 
thought  of  as  a  characteristic  strand  diameter.  Note,  as  hypothesized 


*  J.  McCullough:  Studies  on  Velocity  of  Crack  Propagation.  Internal  Report  to 
Chemistry  Department,  Tbiokol  Chemical  Corporation,  Redstone  Division,  Huntsville, 
Alabama,  September  1959. 


Calculation  of  crack  tip  velocity  as  *  function  of  tip  location.  - 

With  these  results  appearing  reasonable,  it  is  appropriate  to  extend  tha 
analysis  and  obtain  an  expression  for  crack  tip  velocity  as  a  function  of  craek 
growth.  To  do  this,  the  expression  (11-b)  for  must  first  be  expanded  so 

that  all  of  the  strains  which  appear  on  the  right  hand  side  are  the  known  equilibrium 
values.  It  is  seen  from  (1 1-b)  that  must  be  replaced  by  a  function  of 

equilibrium  strains.  If  we  write 


—  SsurSscl 


*«ivs  'H6"  ~«"a  J« 

it  is  seen  that  js  jn  terms  qf  equilibrium  strains  and 

Continuing  this  process  until  the  only  non-equilibrium  strain  in  the  expression  for 

e  is  e  "lb  at  0,  we  obtain  the  desired  expression  for  C  (m-l)b^ 

jx  n  n 

Substitution  of  this  result  into  (11-b)  leads  to  the  representation 


€‘-'. 

^  n  —  si* 


turbine 


where,  as  before,  we  have  defined  e^*=,t.l«0  .  Noting  that  i»  the  strain 

in  element  (ml  just  when  element  (ml  breaks,  and  is  therefore  £*» 


<C*«  «•-<:-£  U^-e^leT— 


Since  all  of  the  strains  in  this  equation  are  known,  as  given  by  (10),  equation  (20) 
can  be  used  to  solve  explicitly  for  crack  tip  velocity 

„  __i _  WT 

v* -t«  - t»~. 

in  which  is  the  velocity  when  the  tip  is  at  element  (m).  It  will  be  convenient  to 
rewrite  (20)  in  the  following  form 


€**2  6  ”«t:e 
>•  J 


•*■*0,1,  zt  ••• 


where  we  have  defined 


m  l  -  e 


To  illustrate  the  significance  of  (21),  it  is  expanded  for  matO,  1,  2: 
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•m*o: 

r  «£[>-  e'^l  e'^ *■ 


m»  1 :  e. 


(22-a) 

(22-b) 


* 

It  is  clear  that  if  ,  the  exponential  terms  which  multiply  o<m  can  ha 

taken  as  unity  so  that  (21)  becomes 


Utilizing  (22-a)  for  £  *,  we  can  rewrite  (23)  as 


w-  -  ,  _  V  voj 

**•  "  £.“£*»  w. 


(23) 


(24) 


where  it  was  convenient  to  define 


£>t 


If  it  is  further  assumed  that  only  the  first  term  in  the  equilibrium  strain  (10)  need 
be  considered  (i.e.  that  the  strain  resulting  from  the  leading  term  in  the  stresses 
(1-b)  and  (2-b)  provides  the  main  contribution  to  failure)  then  from  (10) 


And 


TJh+JS1 


etw1  at 

-t 


o* 


Substituting  (25)  into  (24)  gives  the  recurrence  expression  for  ~vj£~  S 
-~=1- E  [Cm-i-4-l^-Cm-jl't]- 


*L 


(25-a) 


(25-b) 


(26) 


Calculations  give*  for  example 

I,  L?l.  2*?,  2.7g,  •••  m«0,»,2,V 

Was 

It  can  be  deduced  that 


trVnT 


Win 

w. 


■for  >4 


(27) 
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Under  the  assumption  that 


X 


■eel  » 


so  that 


ta  —  taM 

X 


w.  cWbNH-mfc/w  t 

*<.“  e£<.  ^  ew«*V2Y T  t 

O’.Vl-*  mk/b  V&  b 
Bv  Th 


(28) 


Solving  for  V  and  using  (27)  we  find 

».-^^4V¥FW  i  »>•>  <«» 

showing  that  the  velocity  increases  without  bound  as  the  crack  grows  which  is 
impossible  because  free  running  cracks  are  Known  to  be  limited  by  speeds  of  the 
order  of  half  the  shear  w’ave  speed.  However  such  a  result  is  not  surprising  since 
inertia  has  not  been  included  in  the  formulation.  Nevertheless,  (29)  may  provide  u 
reasonable  approximation  to  the  crack  tip  speed  if  it  is  sufficiently  less  than  the 
shear  wave  speed. 

Passing  to  the  continuous  form  by  letting  m  £  *  s,  in  which  s  is  the  distance 
the  crack  tip  has  traveled,  we  have 


which  shows 


v./m, 

<ix  2f?r  ’  «• 

(30-a) 

**<.5.*  i 
>  b  *  w  %  1 

(30-b) 

v  «c.  -IL 
fc> 

;  -|»i 

(30-c) 

The  initial  behavior  indicated  in  (30-b)  results  from  the  increasing  amount  of  strain 
which  accumulates  in  the  elements  ah’ad  of  the  crack  as  it  propagates.  This 
increase  in  velocity  when  ««b  occurs  while  the  stress  at  the  crack  tip  remains 
essentially  constant  as  seen  from  equation  (4-b).  However,  the  fact  that  the  stress 
is  proportional  to  -fs* for  s  »  1  accounts  for  the  more  rapid  increase  in  velocity 
shown  by  (30-c) 


The  time  dependence  of  crack  growth  can  be  determined  from  (30-a)  by 
integration; 
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Remark*.  *» 

Tbe  proposed  phenomenological  model  ie  by  no  meane  unique,  with  it  being 
possible  to  include  a  more  complicated  material  representation  instead  of  tbs 
incompressible  Voigt  model  used  here.  Also  it  should  be  possible  to  introduce  * 
more  sophisticated  fracture  criterion  if  necessary,  based  not  upon  maximum  strain, 
but  perhaps  octahedral  strain  as  a  function  of  strain  rate  and  cumulative  damage. 
Further,  for  ease  in  manipulation,  the  discrete  element  formulation  might  be 
replaced  by  a  continuous  material  formulation.  Finally,  a  basic  investigation 
might  be  conducted  to  ascertain  the  physical  significance  of  the  characteristic 
strand  diameter,  g  ,  incorporated  in  the  analysis. 
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Substituting  (6)  and  (7)  yields  after  integration 
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At  the  inner  surface,  radius  a 
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At  the  propellant-case  interface,  the  radial  street  (r*b)  is  taken  to  be  -p^ 
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where  again 
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The  strain  energy  is  easily  seen  to  be  a  maximum  at  a  ,  so  that 
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The  interfacial  pressure  is  determined  by  matching  with  the  case.  We  ha  vs, 
using  a  prime  to  indicate  properties  in  the  metal 
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At  r  s  b,  we  h&Vu 
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